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4 % 1% Preliminaries

1.1 EAR7RRE
B{LF (quantifier) DFE 2 Y () T CTEL. FEOEDY ZL Y 4 K () TRT. PRI,

VX, €EX1, 0 €EX.dn €V ENL X1 =AX =),

=

Vxl EXl.sz EXZ Hyl S Y] ayz e Y2.x1 = yl /\x2 =y2
LEFELV. ¥, BETFOREIIHEWT, suchthat ZEBL, ar~< () TRIFTEL. HIRE,

Vxe{0,1},x#0.x=1

=

Vx €{0,1}.x#0 = x=1

EFELV. T, =, <= MMoRSLRAT 256, eheiimplies, iff Z#MT 5.
8E (se) I2OVT, UITNOKAEH 2.

o« BEAIWDWVWT, ZDRE (cardinality) % |A| ¥ RFET 5. 28, ADPBRES (finite set) DI, HEE X IZERD
D TH 5.

c BHEAWRDOWVWT, a€A*Ra ALEiLT5.

o B (natural number) DHEE%Z N ={0,1,..} ¥ R T 5. £, nUELOBHRBOESZ N, ={n,n+1,..}
LRILT 5.

s BB n eNIZOWT, {1,...,n} % [n] LKL T 5.

G ADRBER (powerset) & P(A) = {X | X C A}, HIREEEGZ Pp,(A) = X € PX) | X IFARES} & Kid

T5.

« BB AL, ... A, DEFE (cartesian product) % Ay X - X A, ={(ay,...,a,) | a; EA4,...,a, EA,} L RKiLT 3. &
EADnNEMZPA"=AX XA LELTE. Fz, A={TH3.

nJH

« £E5 A, ..., A, DEM (disjoin union) % Ajw--wA, =(A; Xx{1DU--- (A, x{n}) £ E£ELT 3. =B, XroH
LOIGE, BNORTEEKL, a€A; LT, aeAj v wA, LELT5.
« £5 A DB rDEES (relative complement) # A\B={a€A|a ¢ B} vt £ T 3.

KEZWCOWVT, (I E I ERELT S5, ZOW, a € & ZITL BT (sequence) LA, FITOWT, LIFD
ik HW 3.

e (0,...,0,) EXZNIZTOWVWT, (0y,...,0,) & 0y 0, EFRALT 5.
e Hla=0-0, ETFITONVT, ZOREX% |a| =n &KX T 5.

#£5 A,BIZDOWT, R CAXB%BE% (relation) ¥ FER. %7-,
A—\Bd=ef{Re?(AxB)|VxeA,(x,y1),(x,y2)eR.y1 =y}
CWHRRLEHEAL, BRf A= B%AD»S BADOIHOBE (partial function) ¥ FEXR. X 512,
A-BE(f: A~B|VxeATyeB.(x,y) € f)
EWHKREEHEAL, oM f 1 A - B%(2) B (function) LR, BRIZOWT, UTOXELZHVS.

« MERCAXBIZOWT, (a,b)ER%ZaRb KL T 3.
¢« BIfAR C AXBIZDWT, E&EH (domain) % dom(R) = {a | 3b.(a,b) € R}, fEHE (range) % cod(R) = {b |
Ja.(a,b) € R} L ERiLT 5.



1.2 HARRER 5

 HSBIELf A — BIzowT, (a,b) € f % f(a)=b KT 5.
« R Ry CAXB, R, CBXCIZDWT, ZDHEH (composition) & Ri;R, = R, oR, ={(x,z) e AXC |3y e
B.(x,y) €R;,(y,z) ER,} ¥ RiLT 5.
« MfRARCAXB, £EAX CAICOWT, RD XIZX BHIR (restriction) % R [x={(a,b) ER | a € X} £ RELT
5. FrZBIEf :A>BDX CAICK BRI, B f Ix: X > BIllRk5.
ca€A, beBIXOWVWT, ZOMFEFa—»b=(a,b), B f:A->B% f=x f(x) ¥ &KL T 3.
o 2IEBIR R C A2 12O\ T, ZOHEBEE (transitive closure), D F D IR Zii7-3&/ND 2 THEHR%Z Rt C A% &
Fild 5.
- 2D (a,b) € RIZDOWT, (a,b) € R*.
- £E o (a,b) € R*, (b,c) € RT IOV, (a,c) €R™.
« 2THBAMR R C A2 12D\, ZDREHHEIEAE (reflexive transitive closure) % R* = R* U{(a,a) | a € A} ¥ £it
T5.

FEHNIOVWT, ZOBEZTHEMNIT LNINRDF {a;}._, % [ THRFEDT &Nk (indexed family) £ FEZR. JEIZD

WT, DIToXRELLEHWS.

iel
* Ff@%é\% HiEIAi = {{ai}iel | Vie I, a; € Al} Z?@?BT%

« REDKA ={Aj};; TOVT, ROZEMZIZTHE, AZFEWIER (pairwise disjoint) TH % L.

Vil,iz (S I, il ?é iZ'Ai1 ﬂAiz = @

1.2 BEXHNRER
ERL(ZVI7E 7N 7 7 b (ranked alphabet)). 7> 7 {fZ 717 7> Xy b i&, DLFOM (Z,rank) D Z k.

« £E I
o Bi%{rank : = — N.

rank AR SR, BIZE 25 Y /M ET L7 7Ry PR, f € ZIZ2WT, rank(f) = n OF, fidn-
ZHTHB VS, ZHEIRLT, fMrXiLT22rdH3. ]

EFE 2 CHIVEL (term algebra)). HRXE T 213, DIFOMH E,X) Dz L.

« SUIMNETALT PRy B I
« THOEESX.

oK, [T] ZU R TRNOEGLE LTERT 5.

« X C[7].
c Tty €171, fP ezizonT, f(m,....7,) € [T].

ZOW, relT] % T DEL LR, ]
3% 3 (P8R (path)). JHIE T = (Z,X) IZOWT, paths : [T] = P(N*) ZLLRD & 5 ITEHKT 3.

o« X € XIZDWT, paths(x) = {e}.
« fMes fO(q,..,1,)elT] 2T, paths(f™(r,...,7,)) = {e}U Uie[n]{iﬂ € paths(z;)}.

Z DWf, 7 € paths(t) % T DXA LR, ]

EF% 4 (585 (subterm)). THRE T = (,X), Hr € [T] 122WT, subterm, : paths(t) = [T] ZLAFD & 51TE
£75.

« subterm.(¢) = 7.
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« subterm p(ny,, Tn)(iﬂ) = subterm,, (7).

..... Tiseres
Z DW, 7w € paths(t) IZDWT, subterm () % T D 7 TOEHAR L LR, ]
EF% 5 (B (substitution)). JHRXE 7 = (,X) oW T, o C [T x [T] »PEH X, UTEHEETIEEES.

o fEE®D x € dom(0) IZ2WVWT, (x,y),(x,1,) Ed KBIXy =y,
« fEED x5, %, € dom(o) IZDWT, subterm,, (7) = x, £ 72 % 7 € paths(x;) IZFFTE L2,

[

E3% 6 (1B (occurence)). HRI 7 = (2,X), HHt € [T]122WT, occ, : [T] = P(paths(r)) ZLLTD & 5 I1ZERH
T5.

occ,(n) = {r € paths(t) | subterm.(7) = n}
DI, meoce(n) &, n DT TOHB LS. ]

EFR7(AYTF AP (context)). HIE T = (Z,X) iIco\WT, aryFx2trid, T[] €[EXw{ID] T[] DHE
—HTH2DDDILEES. ZOK, TOaryTFAMDESE CI) vEL.
ZOKE, Te[T]weowT, T[r]l €T % T[] = (T[D[[] « 7] TEFET 5. ]
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2.1 WIP: (Untyped) A-Calculus



2.2 Simply Typed A -Calculus

2.2 Simply Typed A-Calculus

Alias: STLC, A~ [GTLSY]

2.2.1 Syntax
e u= X (variable)
| ee (application)
| Ax:rt.e (abstraction)
| ca (constant)
T u= A (atomic type)
| -7 (function type)
[ o= (empty)
| T,x:t (cons)
Convention:
def
oG 2T, =020 =15 )
def
epey ey =((ep ) ) ey)
Environment Reference:
x=x x#x T(x)=rt
T,x :x)=1 X :Y(x) =1
Free Variable:
fu(e) = {x'}
Jule) =X, fule) =X, fule) =X
fo(x) = {x} fulep e)) =X, UX, fo@x tt.e)=X\{x}  fulca) =0
Substitution:

%MJ\EQ@Z {xl = €, ...

eifx’ < e']=¢f

Xp P epd &, [x < e,

[x «e](x)=e

s Xy — e T2 [xq, ...

x ¢ dom([x" < ¢'])

x[x —e]=e

el —el=¢

x[x' —e]=x

e = €1 Lo = ¢

JXp < e,...,e,]| ERFLT S,

(e 92)[; < Z]

a-Equality:

€ =q €2

x1=x2

X" & fu(e)) U fu(e)

" 4

=e &

Ax:1.e)[x «e]=Ax:t.e

er[x; < X'] =4 ex[x; < X']

"

— A !
€1=a€2 €1 =46

X1 Z=a X2

Ax,

1T SqAxy Tl

A— !
e 6] =4 €6

calx —e]=cy

CaA =aCa
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EH 8 (Correctness of Substitution). X e, B [x' <« '] IOV T, X =dom([x’ « ¢']) ¥ L7,

folelx <& =(fr@\x)u | folx < elx).

xefu(e)nX
£ 9 (a-Equality Does Not Touch Free Variables). ¢; =, ¢, 72 513, fu(e;) = fu(e,).

2.2.2  Typing Semantics
'ke:zt
I'x)=rt

'x:t
ILLx:gke:n

T-Var

r'FAlx:q.e:q—-10 T-Abs

'tey -1 They ' 1y
'kee: 1

T-App
m T-Const

FHC, -Fe: DI, e: T &KL,

2.2.3 Evaluation Semantics (Call-By-Value)

vV == Ax:T.e
| ca

C =[]
| Ce
| vC

Small Step:

Ax : T.e)v=> e[x « V]
e=>e
Cle] = Cle']

Big Step:

eedAx:ter eadv, ejffx<uvy] v
ete v

EF 10 (Adequacy of Small Step and Big Step). e =>* viffe | v.
5EH 11 (Type Soundness). e : 7 D, e=>*v, el v &% % v =nf(=,e) HFEL,

e T=7 >0 0K, v AX (. B AX T DFET B.
s T=ADK, V=g 81RD cy BHEET 3.

[
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2.2.4 Equational Reasoning

I,x:1thke 7T T T'ke ' 7T X vie) The: T T
1~ 2' T poglam & fule) )
r'(Ax:qg.ex)=e:q -7

F'F(Ax:te)e=efx<—e]:t

Eg-n-Lam

e1=q€ T'Fe 7 The 1t
1 =q € 1 2 Eq-a-Refl
FI—eIEeZZT
I'kFey=e i1 'Fej=ey 7 They=e3: 7
—— Eg-S Eq-T
I'ke=e,: 1 a>ym ke =e3: 1 drirans
I'x:the=¢: 7 I'te=e,:7—>7 Thej=e,: 7 Eq-Cong-App

- Eq-Cong-Abs

FFAx:7T.e1=Ax:T.ey: T > Fheef=ee, T

FRHCS, ‘e =e : TOI, e =e, : T LKL,

P 12 (Respect Typing). T e =e, : 77251, The DT ke, : T
EP 13 (Respect Evaluation).e; = e, : T DIF, e;=>% e, e, >* e, bidej =€) 1 1.

Fld.e =e, : TOHE, e, 2%e], e, e, bl e;=¢) 1 1.

[
[
[

AEW. e, =>% e kD, EH[Ir S e =€ i 1. XoT, TSymbbes=¢ : TTHD, e =>* ey KD EHMI»S

ey=e; 7. I, T-Sym»bej=e) 1.
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2.3 WIP: System-T



2.4 WIP: PCF

13

2.4 WIP: PCF
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2.5 System-F

Alias: F, Second Order Typed Lambda Calculus, A2 [GTL89]]

25.1 Syntax
e u= X (variable)
| Ax:t.e (abstraction)
| ee (application)
| At.e (universal abstraction)
| et (universal application)
T u= t (type variable)
| -7 (function type)
| Vt.t (polymorphic type)
[oe= - (empty)
| T,x:7 (variable cons)
| T,t:Q (type variable cons)
Convention:
def

oo 5 S g o (s (= 7))
def
erey ey = (- (eper)-)ey)

Environment Reference:

x=x x#x" T(x)=1 'x)=r
T,x :x)=1 C,x 1Y) =1 T,t: Qx)=1
t=t t#t T)=Q ri)=Q

Tr:00=0 O :0)BH=0 @Ox:00=0

Free Variable:
fule) = {x}
Jole) =X, fule) =X, ful@=X ful@) =X ful@=X
fu(x) ={x} fule;e) =X, UX, folx : 1.e) =X\ {x} fuen) =X fu(At.e) =X
Substitution:

BB {x; > e, Xy et B, (X < epy Xy < ] T X, .0, X, < ey, e,] ERILT S

[x «e](x)=e x ¢ dom([x" < ¢'])

x[x' —e]=e x[x' «e]=x
el «@=¢f ef¥ «el=¢; ¥ <l lgnmeapp) =¢
(e; e)[x «— el =¢] & Ax : 1.e)[x' «e]=Ax:1.¢"
e[x' «e]=¢e" e[x' «e]=¢e"

(DX —el=e"1 (At.e)¥ «e]=Ate"

Type Free Variable:
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tyfu(e) = {x}

tyfule)) =T, tyfu(e) =T, tyfo(@) =T, tyfule)=T,

tyfuo(x) =@ tyfu(e; ) =T1UT, tyfodx i t.e)=T1uT,
fu@ =T tyfo(®) =T, tyfo(e) =T
tyfolet)=TyuT, tyfu(At.e) = T\ {t}
tyfo) =T, tyfu(m) =T, tyfo(®) = T
tyfu(t) = {t} tyfo( > ) =T UuT, tyfo(ve.7) = T\ {t}
Type Substitution:
BBt = 1, P T B, [ =Tty < Tyl 20 by, oty < by ey by ERET S,
e[t —1]=¢
e[t «T]=¢ et «T]=¢; it « ) =1" e[t «1T]=¢"
X[t 7] =x (e; e[t «T']=¢e] e} Ax:tet «T]=Ax:1".¢
e[t «T]=e" [t «7]=1" e([t < 7'] rdom([ﬁ(_ﬁ])\{t}) =e"
et «T]=e"1" (At.e)[t' < T = At.e"

"

Tt < 7]=1

"

[ 7= tgdom(7<T) olf «7l=7 opf<l=g <] lm@opm =7
=

tlt «7]=r1 tlt' < 7'] -0t <=1 -1 (Vt.T)[t <« T =Vt. 1"

a-Equality:

=

X, =X, e1=q€ € =q€ 1= X € fule)U fuley) efx; « x| =4 elx; « x']
X1 =4 X, e e =48 AX] i T.ep S Xy L 1.6y
e =4 T =qh ' g tyfule) Utyfuley) elty < t'] =4 ety < ']
NS Aty.eg =4 Aby. ey
h=b N=h [=q70 ' g tyf(m)Uityfu(n) nlt « '] =4 5lh < 1]
tl Ea tz T — Tll E(X T — T2, th (51 EO( Vtz (%)

5EH 15 (Correctness of Substitution). &2 [x' < e'] IZOWVWT, X = dom([x’ < ¢']) & L 7=k,

folelx <& =(fu@\x)u ) folx < elx).

xefu(e)nX

]
5P 16 (Correctness of Type Substitution). X e, %! 7, BB [t « '] 1Z2OWT, T =dom([t’ « 7']) ¥ L7=H,

yfulelt « 7Y =yfo@\Tu |  tyfo# < T10)

tetyfu(e)nT

tyfoelt « 7D =(yfo@\Tu ] tpfor < 7).

tetyfu(t)nT

P 17 (a-Equality Does Not Touch Free Variables).
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o T =4 0 B tyfu(n) = tyfu(n).
s e =0 %01, fule) = fuley), tyfule) = tyfu(e,).

2.5.2 Typing Semantics

I'ke: 1

I'x)=r1

'kx:t
Ix:gke:n

FrFAx:q.e:gq—on

T-Var

T-Abs

I'tey:p—>1 T'hey:
'kee: 1
It:QFe:7t
THAte:Vt.t
F'ke:Vtn
'ken : gt « 5]
Fktr=,7:Q T'ke: 7
'ke:zt

2 T-App

T-UnivAbs

T-UnivApp

T-a-Equiv
iz, - Fe:t DR, e: 7 2R

2.5.3 Evaluation Semantics (Call-By-Value)

Ax . tT.e
At.e

c

Ce
vC
Ct

Q
——— i —ii

Small Step:

Ax i t.e)v=> e[x « V]

(At.e) 7= e[t « 1]

e>e
Cle] = Cle']

Big Step:

eedAx:tep eadv, efx<uvy] v

ete; v
el At.e; ejft<1]lv
etdv

E P 18 (Adequacy of Small Step and Big Step). e =>* v iffe | v.
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EP 19 (Type Soundness). e : T DfF, e=>*v, e v 27 5% v =nf(=,e) BEFEL,

e T=7 > DK, v AX 1g.e ERBAX I g.e BEET 5.
e T=Vi.y O}, v=y AL.e ¥RD At DIFIET 5.

[]
2.5.4 Equational Reasoning
Lx:nphke 7t ke it X ve) The:-or
2 e 2'%  poglam & fu(e) 1% g lam
TFAx :p.e)ey=ex<—e]:t TFAx:g.ex)=Ee: -1
: : t&tyfule) T'He: V.t .
Li:OQFe:t Eq-B-UnivLam £ tyfu(e) - Eg-n-UnivLam
F'E(At.e)=eft « ] : 1)t « 1] 'k (At.et)=e:Vt'.t
e1=q4€, I'ke :7 They:T T=,7 The=e: 7
-a- Eag-a-
l'Feg=e i1 Fq-a-Refl 'Fe=e 1 q-a-Type
F'kFey,=e i1 F'tey=e:7 They=e3: 71
— 22— 1" EgS Eq-T
ke =e,: 1 a>ym 'Feg=e3: 1 d-itans
ILx:the=e : 7 ke =e,:7>1 Thej=e,: 7
Eq-Cong-Abs Eqg-Cong-A
F'FAx:t.e;=Ax:te: 77T d & Theef=ee, T q §App
It: QFe = : . T'ke = o Vt. .
G=6-1 Eqg-Cong-UnivAbs ,el 92/ f — Eq-Cong-UnivApp
I'HAt.e; = At.e, : V(t.7) F'ket'=et 1)t 1]
KRS, e =e, i TOI, e =e, : T R
SEH 20 (Respect Typing). T e, =e, : 151, The : DT ke, : 1. ]
EP 21 (Respect Evaluation).e; = e, : T DI, e]>% ¢, e, 2% e, didej=¢) 1 1. ]
F22.¢,=e,: TDW, e,2>%e], e, e, BbiEe;=¢) 1 1. ]

A e =% e kD, EHRY» S e =€, i 1. XoT, TSymbbe,=¢ 1 TTHY, & =" ¢y XHEHRY»5
e,=e) 1. BUZ, T-Sym el =eé, : 7. [ |

2.5.5 Definability

Product

Product of 7; and 7,:

def
X =Vt.(g o5 —ot)>t
def
(e,e) = At.AX 7> T, > t.Xe e
def
me = e T AX;. Axy. X;

def
e = e Ty AXy. AX,. X,

Admissible typing rule:

'ke, g Theyin 'Fe:fgXn . 'Fe:fgXn .
- —— = T-Proj-1 —— = T-Proj-2
Tk{e,e) X0 T-Product F'tme:q J I'me: 1o J
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Admissible equality:

'Fey:q The T 'Fey: The T

-1 2 2 Eq-B-Product-1 L1 2 2

Tk mle,e)=e i gy Tk myle,en)=ey i 7
l'ke:g X

F'E(me,me)=e: 7 X0

Eq-B-Product-2

Eq-n-Product

Existential Type

Existence of 3t. 7:

def
U=V (VT t) >t
def
pack(z;, e) = At'.Ax : Vt.t>t).x1e

def
unpack(t, x) = e;. 5. €, = e1 7 (At.Ax : 1.e,)

Admissible typing rule:

F'ke: [t ke :3dt.t Tt:Q,x:the i tEtyfu(r
[t < 7] T-Pack 1 2: % LEfum) T-Unpack
I+ pack(z;,e) : 3t. T I unpack(t,x) =e;. ., :
Admissible equality:

F'ke :iqlt<rn] Tt:Qx:qbe:n tE&tyfu(n)
I + unpack(t, x) = pack(z;,e;). . ey = e[t <« i][x < e1] : &
Fke:3A'.7 T'=,3.7
I - unpack(t, x) = e.7’. pack({t,x) =e : It'. 7T

Eq-p-Exist

Eq-n-Exist

2.5.6 Typability

[Wel99]
TODO
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2.6 System-F w
Alias: F w, Aw [RRD14]
2.6.1 Syntax
e == X (variable)
| Ax:t.e (abstraction)
| ee (application)
| At : x.e (universal abstraction)
| et (universal application)
T u= t (type variable)
| T-o71 (function type)
| Vt:x.t (polymorphic type)
| At:xT (type abstraction)
| Tt (type application)
x == Q (type kind)
| x—-x (arrow kind)
' «== . (empty)
| T,x:t (variable cons)
| I,t:x (type variable cons)
Convention:
def
R R TR G AR
def
€16 - €y = (- (e1 €2) ) €y)
Environment Reference:
x=x x#x T(x)=t I'x)=r1
Ox' :x)=1 Ox':HYx) =1 Lt:0)x)=1
t=t t#t T{t)=«x Ir'(t) =x
(I, )@ =x (It ) =x C,x :o)(t) =«
Free Variable:
fu(e) = {x}
fule) =X fule) =X, fule) =X, fule) =X ful@=X
fu(x) = {x} fo(lx i 1.e) =X\ {x} fule;e)) =X, UX, fulAt i x.e)=X fuler) =X
Substitution:

TR B {x; P e, ...

e([? <« ?] rdom([yﬁg])\{x}) = e//

Xp P epd ®, [x) < e,

[x —e]x)=e

, Xy — e T [xq, ..

x ¢ dom([x" < ¢'])

x[x —e]=e

x[x «e]=x

e[x —el=¢ef

e)[x — e =eéj

(Ax :

T.e)[x «e]=Ax:r1.e

"

(e; 32)[? « ?]

" "

=€ &

JXp < e, ..., e, ERELT B,
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e[x' «e]=¢e" e[x' «e]=¢e"
(At x.e)x «e]=At:xe" (en)[x «e]=e"71

Type Free Variable:
tyfu(e) = {¢}

tyfo(@) =T, tyfule)=T, tyfule)) =T, tyfu(e) =T,

tyfuo(x) =@ tyfo(dx : 1.e)=T1UT, tyfu(e;e) =T1UT,
tyfule) =T tyfule) =T, tyfu() =T,
tyfu(At @ x.e) =T\ {t} tyfulet)=ThuT,
tyfu(@) = {t}
tyfo(m) =T tyfu(n) =T, tyfu(r)=T
tyfo(t) = {t} tyfu(g > 55)=T1uT, tyfo(vt : x.7) =T\ {t}
tyfo(@) =T tyfo(m) =T tyfu(n) =T,
tyfo(dt : x.t) =T\ {t} tyfon ) =T1UT
Type Substitution:

Bt = T by P T &, [ < s s by < T T20E [t sty < by, o s ty] ERALT 5.

e[t —«1']=¢

el[F «— F] = ei, ez[F <« F] = 612, T[F «— F] =17 e[[_’ «— F] =e"

X[t «7T]=x (1 e[t/ < T']=¢e] e Ax:t.et «T]=Ax:1".¢"
ot «7)=¢" [t <=7 U lgomqzmpy) = ¢
(e[t «T]=¢" 1" (At : k.ot «T]=At:x.e"

"

[t « 1] =1

[t «7T](t)=7 t¢&dom([t' < ']

tft' <7 =1 tft' « 7] =t
olt «7l=1 gt «7]=1 <] impeape) =7
(oot «t]l=1 -1 vVt kD[t «T] =Vt k.1
(<7 lagnmerp) =7 alf ~ T =4 olf «Tl=1
At :xDt «T]=At:x.1" ot «7)=19 1
a-Equality:
X1 =X, e1=qe € =46 1= X & fule)Ufule) elx; < x']=qelx; < x']
X1 =4 X3 e €] =qe e AX, . T.e1 S, Axy ey
e =48 T =qT t' g tyfule) Utyfu(ey) e[t « '] =4 e[t « 1]
1T =q 6D At; tx.eg =g ALt ke
h=t N=h 1=470 t' g tyfu(m)Uityfu(m) nlt « '] =4 5lh « 1]
L =qty o400 Vi, 1 k.7 SV L k. T

t'" g tyfu(m)Utyfu(n) nlh «t'] =¢ nlt, < '] =0 =0
Atl LK. Tl EO{ itz LK. ‘[2 TI Tll EO{ ‘[2 TZ’
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B 23 (Correctness of Substitution). &2 [x' « e'] IZDOWT, X = dom([x’ < ¢']) & L7zH,

folelx <& =(fr@\x)u | folx < elx).

xefu(e)nX
[]
5P 24 (Correctness of Type Substitution). R e, %7, BB [t « 7] 12OWT, T =dom([t' « 7']) ¥ L7=H,
tyfuelt « T =yfo\ DU | tyfol? < TI0)
tetyfu(e)nT
tyfo(e[t’ < 7']) = (tyfu(@) \ T)U U tyfu(lt’ < ](1)).
tetyfu(t)nT
[]
£ 25 (a-Equality Does Not Touch Free Variables).
o T =4 0 B tyfu(n) = tyfu(n).
s e =g e B BIE, fule) = fuley), tyfuler) = tyfuley).
[]

2.6.2 Typing Semantics

Kinding:

I'(t)=x
ThHt:x

' :Q ThHn:Q
kg ->15:0Q
Lt:xkE1:Q
FEVt:ixt:Q
Lttt
THAt:x.7T: %k — K,

K-Var

K-Arrow

K-Forall

K-Abs

'k ixy—->x ThHL:
'kogn:ix

2 K-App

Type equivalence:

It:xybn:ix ThE1x tgtyfu(t) ThET:x - K,y

Tt ikt n]:x T-Eq--Lam Tt k. T)=T: Kk — Ky T-Eq-n-Lam
T =qh FI‘FI—TITIE :T:c: i‘l— K T-Eq-a-Refl
- }_FTIFET:Z—: ‘ZZ sij—j{; :Té; . TEq-Cong-Arrow 1 1\;::;; ;1VEt szz g Fa-Cong-Forall
Iit:xbkp=n:« I'tFp=n:¥>x T'F=1g %

- T-Eq-Cong-Abs Eq-Cong-App

THAt k[ =At kT K>k TrFo=n1nhkx

EH 26 (Respect Kinding). T =15, : x 261, T :x2»2T k1 k. ]
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Typing:

'k7:Q I'x)=r1
'kx:t
't :Q T,x:glke:n
F'FAx e -1

T-Var

T-Abs

'te:1p—>7 They:
'kFee: 1
It:xkFe:T

T'HAt:x.e:Vt:x

I'ke:Vt:x 'Fo:
¢ il -k T-UnivApp

2 T-App

p T-UnivAbs

T'ken : gt « 5

I'7=7:Q The: 7
I'ke:t

T-Equiv

KRS, et e: 7 2RI

EP 27 (Respect Type Kind). T e : 7451, TH1: Q. ]

2.6.3 Evaluation Semantics (Call-By-Value)

v o= Ax:T.e
| At:x.e
C a= ]
| Ce
| vcC
| Crt

Small Step:

(Ax i T.e)v=> e[x « V]

(At i x.e)T=>elt « 1]

e=>e
Cle] = Cle']

Big Step:

eeldAx:tep v, effx<uvy] v

e;e v
el At:x.e etV
etdv
E P 28 (Adequacy of Small Step and Big Step). e =>* v iffe | v. ]

EP 29 (Type Soundness). e : T DI, e=>*v, ey v 272 5% v=nf(=,e) BEHEL,

e T=7 >0, v, AX i T.e ¥R AX . DFEET .
e T=Vt:ikT DR, V= At i x.e 2725 At k. DFET 5.
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2.6.4 Equational Reasoning

ILx:nphke i1 The o x¢fule) The: -1

Eg-B-Lam Eg-n-Lam
FCF(Ax:np.e)e=ex<—e]: T ah 'F(Ax :g.ex)=e:q -1 a7
It:xke:t ) tgtyfule) ThHe:Vt:xt .
Eqg-B-UnivLam Eq-n-UnivLam
FE(At:xe)n =elt « 1] @ 1]t « ] a-p v F'E(At:xet)=e:Vt:xT a7
e1=q4€, ke :7 They:T T=,7 The=e: 7
Eq-a-Refl Eq-a-Typ
F'ke =e 7T dra-Re I'ke=ey,: 1 e ©
'Fey=e i 1 I'Feg=ey:7 ThHey=e3: 1
—=——— Eg-S Eq-T:
I'kFe=e 1 a->ym 'Feg=e3: 7 q-irans
ILx:the =e,: T F'ke=e,:7">7 Thej=e, 1 7
X-tra=6." - Eq-Cong-Abs ! 2 - - ! 2 Eq-Cong-App
FFAx:T.ey=Ax:T.ey:T>T ke e=ee: 1

It:xke=e: 1
F'HAt:x.eg=At:x.e:(Vt:x1)
'Feg=e :VEixt ThHFg=1:

FT'tenn=en: 1t

Eq-Cong-UnivAbs

x Eqg-Cong-UnivApp

FRHC, ‘e =e : TOR, e =e, : T KL,
EP 30 (Respect Typing). T e =e, : 77251, The DT ke, T
EP 31 (Respect Evaluation). e, = e, : T DIF, €] =>% e, e, >* e, biej=¢€) 1 1.

F32.e1=¢,: TOH, e, %], 2% ey hbiXey=e) 1 7.

[
[

GEW. ey =>% e kD, EHPRY» S e =€, i T. XoT, TSymbbes=¢ : TTHD, e =>* ey KD EHRY»S

ey=e) 1 T. BUZ, T-Sym S e =e) : 7.

2.6.5 Definability

Product

Product of 7; and 7,:

def
OXTG=Vt:Q(q-op-ot)->t

def
(e1,€3) = At Q. Ax o0 otXxe e

def
me=enq Axl.le.xl

def
7{26 =e Tz Axl.ﬂ.xz. x2

Admissible kinding:

' :Q TR Q
'Fg X5 :Q

T-Product

Admissible type equality:
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rkF=5:Q ThRg=5:Q
TFOXTg=0X17:Q

T-Eq-Product

Admissible typing:

'key:g The v l'Fe:g X . l'Fe:g X1 .
- —————= T-Proj-1 ——— = T-Proj-2
CH{e,e) T X1 T-Product F'-me:q o I'kme: o o
Admissible equality:

I'Fey: The v 'Fey i The v

-1 2 2 Eq-f-Product-1 L1 2 2

' mle,e)=e i 1y Tk myle,en) =ey i 7
l'Fe:g X1

F'H(me,me)=e .7 X0

Eq-n-Product

Existential Type

Existence of At : k. 1:

def
Uikt =V: QM xT>t) >t
def
pack(t;, e)5; ..~ = At 1 QA : Vt:xTt->t)xTe

def
unpack(t : x,x : T) =e;. . €, = e1 T (At 1 x.Ax : T.e;)

Admissible kinding:

It:xkF71:Q

FF3t:x7t:Q T-Exist

Admissible type equality:

Lt:xkbFpg=n:Q
Fr'F3t:xg=3t:xn:Q

T-Eq-Cong-Exist

Admissible typing rule:

t:xk7:Q Thg:x The:tt< 1]
T F pack(t;,€)zp.500 : It k. T

F'ke :3t:xt Titixx:the:n tE&Etyfu(n)
' unpack(t : x,x : T) =e€;.Ty.€; : Ty

T-Pack

T-Unpack

Admissible equality:

Eq-B-Product-2
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Tkg:x Thre iqtern] Tit:ixx:gbe:n tEtyfu(n)
[ unpack(t : %, x : 1) = pack(t;, €1)3;:¢.7,- 2- €2 = €[t < T][x < €1] : 1,
Fke:@t:x.7) =3t %1
' unpack(t : x,x : 7) =e. T .pack{t,X)3;.r =€ : (At : x.7T)

Eq-f-Exist

Eq-n-Exist
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2.7 A u-Calculus

Alias: A p [Sel01]][Roc05]

2.7.1 Syntax

T u= t (type variable)
| T (top type)
| Tx7t (product type)
| -7 (function type)
| 1 (bottom type)

e == X (variable)
) (top value)
| {ee) (product)
| me (left projection)
|  me (right projection)
| Ax:te (abstraction)
| ee (application)
| [ale (naming)
| ua:te (un-naming)

r == .
| T,x:t

A =
| a:tTA

Environment Reference:
x=x x#x T(x)=rt

O,x' :)x)=r1 Ox':HYx) =1

a=ao aFa Aa)=rt
(@ :,A)(a0)=1 (@ :t,0)a)=1

2.7.2 Typing Semantics

F'ke:7|A

r'x)=rt
FI—x:rlAT_Var
TEQ:T A P
F'ke :q|A They | A
TH{ee):Xn|A
F'Fe:gXn|A
F'tme:q|A
F'ke:nXn|A
'kme:n|A
Lx:gke:n|A
F'HFAx iqe:qg>15|A

T-Product

T-Proj-1

T-Proj-2

T-Abs
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rkel:fz—)T|A F|—622T2|A

T-A
Fl—ele21T|A pp
Ald)=1 FI—e:rlATN
F'klale: L] A “hame
'te:l|a:1,A U
F'(ua:t.e):T|A fname
2.7.3 Equivalence
F}—elsez:flA‘
Lx:npte :7|A The,: A
X:Ihle 11| e | Eq--Lam

T'FAx :p.e)ey=efx<—e]:t|A
x¢ fue) ThRe: oA
T'F(Ax:q.ex)=Se:q—>15|A

F'e:T|A
'E)=e:T|A

I'ke, :q|A Threy:h|A
Tk mle,e)=e t 1| A
F'ke :g|A The :n|A
' me,e)=e : 15| A

F'Fe:gXnl|A
F'H(me,me)=e: 1 X0 |A

Eqg-n-Lam

Eq-n-Top

Eq-B-Product-1

Eq-B-Product-2

Eqg-n-Product

a € fule) The: Ll|la:n XnpA Eq-¢-Product-1
-¢-Product-
TEma: o x50 =pa g elladc) < [almE) o 1a
a, & fule) The:l|la:gXnA
Eq-¢-Product-2
I mua o X5.e) =, n.ella](-) « []m(=-)] : A @
T'ke:l|ay: 1A
Eq--M
Tk [ogl(uoy @ tp.e)=efa, <« a] - L] A q-f-Mu
F'ke:7|A Fq-n-Mu

T'a:t.[ale)=e:7|A

a & fule)U fule) The:lla:in->npA The!in|A Eq-¢-Mu
- (ua:t—mne)e = nellal(=) < [wl((-)e)] i | A d

2.7.4 Elaboration (Call-By-Value)

'Fe:Tweé

r(xxo) =W
Lk xg 7w Ax, D KX Xy,

F|—<> . Tﬁ/lxk Ky xg <>
FT'ke :qqwe] They:nwe,
THE{e,e) i 1y X T w AXy @ Ky yr,-€) (Axg V€5 (Ax; & V. X (Xq, X2)))
FkFe:q X1we
TEme:nwAxg @ Kpy.ef (Ax @V XV, x; (X))
FFe:mXpwe
I'Eme 5w Axg K¢l (Ax 0V X V. xp (75%))
Oxy, t VyFeinpwe

TE@Axg:m.e) i1 > w A Kp g, X (Ax 2 Vo X Kp (A, @ V- €) (mx) (715%))
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T'ke :npoTwe] The:nwe
Thee;:tw Axg @ Kroep (Axy 2 V,op. ey (Axy 0 V. X (X2, Xk)))
xy :K;Fe:lwe
Tk (ua :7.e) : Tw Axy : Kp.e' (Ax : L.casex {})
Ix,)=K; The:twe¢
Tklale: 7w Ax, : Kj.€' x4
V=1
G=T
‘[L'l =Tl, I/{'z =T2,
‘41)(‘[2 = ‘4’1 X ‘/‘[/
‘ZL'] =T1/ KT2:T2,
Vi, =14 X1 —R
n=1
Abbreviation:
def
K. =V —>R
def
C,=K,—>R
EM33.The:twe 2513, THe : C,.
EM34.TFe:7|A = VI),KA)Fe:twe. 727701,
def [ V(I'), %y : Vo (T=T",x":7
V(F):{,()x ! Erz.) )
def [ x, : K, K(A') (A=a:r1,A)
K@) =4 "*
W= azs
2.7.5 Elaboration (Call-By-Name)
Fe:twe
F(xx0)=c‘r

ChXxg 7w Axg @ KXy X

() : Tw Ax, : L.casexy {}
F'ke :qwel The
T {e,ep) i 1y X 1w Axy @ Ky + Ky case xy {X,. ey X, | X, €5 Xi,}
FFe:mXpwe

TEme 1w Axg @ Kp.e' (i1xy)
[xy, 1 G et
7.e) i T = o w Axg 1 Cp X Ky e[ Xy, < mxy] (mpxi)
ke ipoTwe] The,:
ke e : 7w Axg 1 Kp.e] (€, xk)
I'x,)=K; Thke:

FFlale: Lw Ax; : K .€ x4
Ixy : K Fe: Lwe

' (ua:t.e):7wAx, : K..e' ()

:Tz‘/\’)eé

T, w e

'+ @Ax; :
T, w €

Tw e
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K, =17
KT = J_
o ——
Ki=n Ky, =17
! !
KT]XTZ = Tl + TZ
e I
C,=1 K;,=1
K, =14 X175
KJ_ = T
Abbreviation:
def
C;=K.—R

EM35.THe:twe 20X, THe : C,.
EM36.THe:7|A < CI),K(A)Fe:twe. 72771,

o) d=ef{ F‘(F’),xx, 2 Cp g : g’,x’ 1)

K() d:ef{ o K., K(4') 8 - o; D T,A)
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2.8 WIP: Lambda Bar Mu Mu Tilde Calculus

A U |.~J. -Calculus



2.9 WIP: it-Calculus
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2.9 WIP: m-Calculus
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% 3% Basic Algorithms

3.1 Martelli-Montanari Algorithm

[MMS82]

Ux,x) =D

X1 # X
U(Xq, X5) = {x1 = X}

U@ @) [ b)) = Uy Ularn by)
x & tv(f(ay, ..., an))
U(x, f(ay,....a,) ={x~ f(ag,....a,)}
x & tv(f(ay, ..., an))
U(f(ay, ...,ay), x) ={x f(ay,...,a,)}
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4.1 Light-Weight F-ing modules

[RRD14]

4.1.1 Internal Language

Having same power as System F w

Syntax:
x == Q|x-o>x
T ou= tltor|{l:T |Vt ikt ikT|AM I KT|TT
e u= x|/1x.T.e|ee|{l—e}|e.l|At:k.eleflpack@',e)r|unpack<t:K,xzf):eine
r == |It:x|lLx:t
Abbreviation:
57 Ehl A=11)
z (I=¢)
= def T1—’(T_1/_’Tz) (T_1=T1T_1/)
T oT =
17 {Tz (m=¢)
_ def| Ax 7. Ax' :7.e (x:T=x:7TX :7T)
Ax i t.e = -
e (x:7=¢)
eoa'izef €y € € (§=919'1)
L €o (e1=¢)
£ ( . ’ ’ — ’ .
Vt:xrd=e Vi:wxVt ikt (t:x=t:xt :x)
| T (t:x=¢
def ( : T = T
AT 7. e & At k. At ke (f:x=t:xt :x')
| e t:x=¢
di ) T = )
e,_[zef eTT (E T7T)
e (t=¢)
letx :7=e t: K—Tmez—(lx T.AT . K.e) e T
df ! ! — ! .
T & eIt ikt Gix=t:xt :x)
T (t:x=¢)
pack(®, ) . pack(t, pack(t’, ) 7 Narr, T=TT L k=t1xl 1K)
-Kto e T=et:x=¢
unpack(t : x,x; : ' : K. 7) = ¢, in Tr=t: kD7)
(unpack(t : x,x : 7) = e; in ez) = unpack(t’ : ¥’,x, : T) = X, ine,
letx : 7=e; ine, (t:x=c¢)
Kinding:

() =x I'F:Q T'kFn:Q ATFz:Q
F+t:x 'k -15:Q TH{l:7}:0Q
t:xkF1:Q It:xk7:Q ) U A ST i S Y 'k ixy,—-x ThH1n @K,
FEVt:xt:Q Fr3t:xt:Q FTHAt:%.7T: k1 > %, oo x

Type equivalence:
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It:xobr:ix T tgtyfu(t) Tht:x -,

TF@t ) n=qlt<n]:x Tt . THET: K = Ky
1=n I'Fgix Tk @x 'o,=1:x I'Fg=n:x TEo=1 1k
'Fg=5n:x 'Fg=15n:x 'Fg=5n:x
r'tp=5:Q ThHg=15:Q NLt:xkFp=15:Q
TrFg->H4=n-105:Q TVt ik =Vt:ikt:Q

Iit:xbkp=n:« I'to=n ¥ >x ThH=1:«
FTFAt:xg=At: k1 1 xk—>K rFo4=n1t:kx

Typing:

'k7:Q T(x)=r1 Frkt=7:Q Thre: T

I'kx:7 l'Fe:z
'-6:Q Ix:gke:n 'ke :p—>17 ke n
Fr'FAx:iq.e:f—->1n I'kFee:t
/\lrl_el:fl PFGZ{I'ITII}
F|—{1=€1}:{l=‘[1} F'kel: g
It:xke:t F'te:(Vt:x7n) Thk1ix
FEAt:x.e: (Vt:x1) Tken : gt « 5]
It:xkF71:Q Thg:x The:tt<n] F'ke :@t:xn) Nit:ix,x:mghbe: T
T+ pack(t;, e)z;.r : (3t : x.7) 'k unpack(t : x,x : 1) =e;ine, : 7
Reduction:
v s= Ax:tT.e|{l=e}|At: x.e|pack(t, ey«
C == []|CelvC|{l=v,l=C,l=¢e}|C.l|C1|pack(r,C), | unpack(t : x,x : ) =Cine
e=>e
(Ax : t.e)v=> e[x « V] { =uvll=>y (At : x.e)T=> e[t « 1]
e=>e
unpack(t : x,x : 1) = pack(t;, ), in e = e[t < 7][x < v] Cle] = Cle']
Equivalence:

ILx:nphke:7T They g x¢ fule) The: -1
TFAx :np.e)ey=efx—e]:t r'FAx:qg.ex)=se:q—-10n
Ay THer o The:{l:1
Fl—{m}.lzel:q F'H{l=el}=e:{l: 7}

It:xke:t tgtyfule) The:Vt:.x.tT

T'E(At:xe),=elt « ] : Tt « 1] (At :xet)=e:Vt:xt
Iit:xbkp=1:Q Thkg:ix Threiqlterny] Tit:ixx:plbe: T
[ F unpack(t : x,x : 1) = pack(t;, e1)z;:rcr, i€y =@t < ][x < 1] i T
F'ke:3t:x.7 It:xkF1=17:Q
[ F unpack(t : x,x : ') = e in pack({t,X)z;.,,. =e : (3t : k. T)
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ep=qe; I'ke:7 They:t k=7 :Q Thre=e: 7
I'Fe=e i1 'Feg=e i1
I'kFey=e ' 1 'Feg=ey i1 TT'hey=e3: 7
I'kFe=e,: 1 ke =e3: 1
Ix:the=e: 7 'tey=e:7—>17 Thej=¢e,: 7
FFAx:t.e,=Ax:T.ey:7>7 TFeei=ee;:T
ANTFei=e, g The=e :{l:gl 1)
FE{l=ep}={l=¢p}:{l: 7} FTkel=eld:7
It:xke=e 1 l'ey=ey:VEixt ThHg=1:%
TEAt:x.eg=At:x.ey: (Vt:x1) Fteg=en: )t q]
TFrg=n:x The =g :qlteq] Tt:ixg=n:Q
T+ pack(r], €1)3s:x.r, = pack(ty, €2)31:50r, * (3t : % 77)
It:xbkg=n:Q Thej=e,:(Ft:xg) Ltixx:ghe=e:T
Ik unpack(t : x,x : 7{) = €] in e; = unpack(t : x,x : ;) = e, ine, : T
4.1.2 Syntax

RSN

{B}

MX

valX = E
typeX =T
moduleX = M
signature X = S
include M

€

B;B

p

{D}

valX : T
typeX =T
moduleX : S
signature X = S
include S

€

D;D

4.1.3 Signature

7]
[=7:«]
[=Z]

{lx : 2}

Atomic Signature:

(1] £ (val : 7}

(identifier)

(kind)

(type)

(expression)

(path)

(identifier)
(bindings)
(projection)

(value binding)

(type binding)
(module binding)
(signature binding)
(module including)
(empty binding)
(binding concatenation)
(signature path)
(declarations)

(value declaration)
(type binding)
(module declaration)
(signature binding)
(signature including)
(empty declaration)

(declaration concatenation)

(anonymous value declaration)
(anonymous type declaration)
(anonymous signature declaration)

(structural signature)
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NotAtomic(Z)

Admissible kinding:

Admissible type equivalence:

le] £ {val = ¢}
[=7: K]d:ef{type Vi (k- Q).tT>t1}
[t :x] d:ef{type =At: (k- Q).Ax : (t 7). x}
[=Z] d=ef{sig X - I}

(2] £ (sig = Ax : Z.x}

NotAtomic({ly : Z})

T'k71:Q
TF [ q AVl

'k71:x
K-A-
F'[=7:%x]:Q Typ

rx:Q
r-[=2]:Q

K-A-Sig

FFa=n:Q T-Eq-Cong-A-Val
T'k[gl=[n]:Q

'bFo=nx

T-Eq-Cong-A-
FE[=q:x]=[=5%:x]:Q q-Cong-A-Typ

r-3,=3,:0Q

T-Eq-Cong-A-Si
TF[=2, = [=5,]: 0 EAIE

Admissible typing:

Admissible equivalence:

F'ke:t
Tk le]l.val=e: T Eq-p-A-val

T'ke:71
TF[e]: [ TVl

F'kz:x

F'E[t:x]:[=7:«] TATyp
rEx:Q

TH[Z]:[=2]

T-A-Sig

F'ke:[7]

Eqn-A-Val ke =e
Tk levall=e: [7] a7

T

I [e1] = [e;]
'bFo=19n'x

r+iqg

Eg-Cong-A-
K= A = x CdConsATyP
IF3,=3%,:Q

r

FIZ]=12,]: [=Z4] Eq-Cong-A-Sig

2 7]

- Eqg-Cong-A-Val

39
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4.1.4 Elaboration

Signature:

Declarations:

Module:

'FM:Zwe

Bindings:

'FB:XZwe

Ixinflx,}=@ TFD w{ :

FTFP:[=Z]we

TEFPw>X S-Path
% S-Struct
TF vgll)_( T v i?};; [ DVal
I+ type)?!]j:.;?l: :T[z T D-Typ-Eq
TF modEI:XS:gi ly - xy D-Mod
TFSw3 D-Sig-Eq

I |- signatureX = S w~ {Ix : [=Z]}
TFSw{ly:

'k include S w {lx : X}
D-Emt

D-Incl

TFew{}
%} Toxx, i Zy =Dy {le 2}
D-Seq

Fl—Dl’DZW){lX Iy, Iy, : 25}

F(XX)ZE
TEX : 3w xg MV

'EFB:Xwe
TF{Bl:Z e M-Struct

TEMX: 3w e.lX M-Dot

I'FE:twe
TrvalX = F : {y : [T} = (g = [e]} ° 2
'T :xwtT B-Typ

FktypeX=T:{x:[=7:«x]}w{lx=[r:x]}
I'M:Xwe NotAtomic(X) B-Mod
IF'FmoduleX =M : {ly : X} w {lxy=¢} °
: 'ESwZX B-Sig
[ signatureX = S : {lIx : [= Z]} ~ {Ix = [Z]}
'EM:{lxy:Z
Ux Le B-Incl
I'kincludeM : {lx : Z}w e
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Path:

'P:Xw~e

Use M-Dot.

The: (=g obmt
I =l \lx, b iZiCly, 1% TEB i {ly i o) we
z ={l;(1 . le,le . 22} F,XXl . Zl |_Bz . {lXZ . 22}"")62

- B-Seq
letx; = e in

Tk BI;BZ X letxz = (letxXl . 21 = xl.lXI in e2) in

{l}(l = xl.lé(l, lXZ = XZ'IXZ}

TFP:[=7:x]w

e
TEFP xwt T-Elab-Path

F'EP:[t]we
THP:7Tweval

E-Path
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% 4% Modules and Phase Distinction

4.2 F-ing modules

[RRD14]

4.2.1 Internal Language

See #5[.1.1 /Nl

4.2.2 Syntax

4.2.3 Signature

Atomic Signature:

oot R

M [1]

(identifier)

(kind)
| P (type)
-~ | P (expression)
M (path)
X (identifier)
{B} (bindings)
MX (projection)
funX : S=> M (functor)
XX (functor application)
X :>S (sealing)
valX =E (value binding)
typeX =T (type binding)
module X = M (module binding)
signature X = S (signature binding)
include M (module including)
€ (empty binding)
B;B (binding concatenation)
p (signature path)
{D} (declarations)
X:9-S ((generative) functor signature)
S where type)_( =T (bounded signature)
valX : T (value declaration)
typeX =T (type binding)
typeX : K (type declaration)
moduleX : S (module declaration)
signature X = S (signature binding)
include S (signature including)
€ (empty declaration)
D;D (declaration concatenation)

= 3dt:x2 (abstract signature)
= [1] (atomic value declaration)
| [=7:«] (atomic type declaration)
| =E] (atomic signature declaration)
| {lx :Z} (structure signature)
| Vt:ixZ-Z (functor signature)

[r] £ (val : 7}



4.2 F-ing modules

43

NotAtomic(Z)

Admissible kinding:

le] £ {val = ¢}

[:‘L’:K]d:ef{type:‘v’t:(K—>Q).tf—>t‘r}

[t :x] o {type=At : (x = Q). Ax : (t 7). x}

def
[= E] £ {sig : E - E}

[E] £ {sig = Ax : E.x}

NotAtomic({ly : Z}) NotAtomic(Vt : k.2 — &)

Admissible type equivalence:

Admissible typing:

T'H7:Q
F'+[z]:Q
'k71:x
F'[=7:%x]:Q
r'FE: Q
'H[=E]:Q

K-A-Val

K-A-Typ

K-A-Sig

ZRAL T-Eq-Cong-A-Val
T'k[gl=[n]:Q

'bFo=nx

T'b[=1 :x]=[=5%:x]: Q

Admissible equivalence:

F'ke:t
Tk le]l.val=e: T

Eq-f-A-Val

T-Eq-Cong-A-Typ

T-Eq-Cong-A-Sig

'ke:zt
T-A-Val
Tk e] : [7]
'Ht:.x
T-A-
F'E[t:x]:[=7:«] Ty
FFE:Q g,

F'ke:[7] Tke=e,: 1

Eqg-n-A-Val
Tk levall=e: [7] a7 a
'bFo=19n'x

F't[g:x]l=[n:x]:[=79:

Eq-Cong-A-
o] Earcong Typ

- —<=_—— Eq-Cong-A-Si
TF[E] = 5] : [= 5] gae

I'Fle] = [e] : [7]

- Eqg-Cong-A-Val
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4.2.4 (Generative) Elaboration

Signature:

THP:[=E]we

T-pwgz  Stath
I'EDwE
TF{D} =& S Struct

TS w3k Li:kxy:ZFS,w»

S—Funct
I'FX:8)—>S,w»Vt: x2—>E
'S 3t : ikl k.2 Ty =[=t:«] FFT.KMTS-Where-Typ
FI—SwheretypeX T3t 6t 1.2t « 1]
Declarations:
'EFT: Qw1
TFvalX : T w {Iy - [} 07V
T :xwt
D-Typ-E
FCHtypeX =T w{lx : [=7:«]} Typ-Eq
'K wx
D-
Fl—typeX:K«»Elt:x.{lX:[=t:;<]} Typ
F'ESw3t:x D-Mod
'+ moduleX : S->Elt K{IX >}
r-Sw-»& .
D-Sig-E
I |- signature X = S » {lx : [= E]} &4
F'FSw3t:x{l Z
{X ) D-Incl
It includeS «~ 3t : x.{ly : I}
TFewy DEM

{lXI} n {lXZ} =g TI'k Dl > Eltl Xq- {lX : 1} F tl . Kl,xX 21 - D2 w> 31'2 x;. {lXZ

'+ DI’DZ w> 3t1 LK tz X;. {lX Zl lX 22}

Matching:
-3 <3F 3 tTwe

'z, <3t :x. Zsztv»e

U-Match

Subtyping:
THE <E,we

' <pwe
't [g] £[n] ~ Ax : [1].[e (x.val)]
'Fg=15n:x
F't[=gq k] [=n:x]wAx:[=7 :x].x
TFE <EB,we, THFE,<E we,
IE[=E ] <[=8]waAx : [=E ][]

U-Val

U-Typ

U-Sig

D-Seq
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A TEZ, <2, = e
TH{ 2, U o2l S w Ax s {1 5,1 2 {l = ¢ (x.1)}

P, :K2|_22<3t1 ‘KllefMel F,tz:K I_El[tl‘_T]SEz“’“)eZ

U-Struct

1 (Vt 5 =) U-Funct
X x E1).
THVH %,.2, > 5 <Vt @ 1,.2 . 1 1 1-41 7 =
iR o B VG 0 o B A%, 3. (1 7 (e %))
Ftl K1|_21<3t2 KzzzTT"\‘)e U-Ab
-Abs
D3 T 5.

CH3f %x.2,<3 : 1,.2 . _
e K2 2 T2 unpack<t1 1<1,x1 %y) = X in pack(T, e X)s5 7 5,

Module:
Flxx) =X
TEX 3w xy MV
'HFB:Ewe
TF (B} : w e MotUCt
C'M:3r:x{l Xl 1 X} me
{lx : 2,1 : '} M-Dot
I'-MX :3t: k2w unpack(t : x,x : {Ix : Z,1xs : E})—elnpack(txlx)atKZ
SEFSw3t: kX T,t:xxx . XFM:Ewe
M-Funct
FFfunX : S=>M:Vi: k2> Ew Al : k. Axyx : Z.e
F(xX)—Vt L - E [(xx,)=Z rFE<3t: w2 1Twe
M-App
I“I—Xle.a[M—r]v»xX 7 (e xx,)
Ixx)=2 TFHSw3It:xY THI<I kT 1Twe
M-Seal
T'FX:>S:3t: %2 » pack(T, e Xx)sr7 5
Bindings:
'HFE:twe
TFvalX = E : {Iy : [c]} = {lx = [e]} V&
'ET:xwt

B-
FktypeX=T:{lx:[=7:x]}w{Ilx=[r:«x]} Ty
'M:3t:x.2we NotAtomic(Z)
'+ moduleX =M : 3t : x.{ly : £} w unpack(t : x,x : ) = e in pack(t,{lx = x}>aﬁ.{lx->:}

'EFSw~»E
[ b signature X = S : {lx : [= E]} » {Ix = [E]}

M : 3t : K{lX Slwe
TFincludeM : 3f : x.{ly : =}~ e
The:fjwq oEm
L =Ix \Ix, Ly :2ZClx, 2% THB 3G 1.y, : 2} e
T ={ly, Iy lx, 2} Tt Ky, Xx, ! Xx, 1 2 F Byt 3L ¢k, {Ix, : T} = e,

B-Mod

B-Sig

B-Incl

B-Seq
unpack(t; : xq,x;) = e; in

THB;B, i3t i1q L @ k. 2w unpack(t, : x,, X,) = (letxy, : Iy = x1.lx, iney) in

pack(t, tz,{lXl =xp.ly, lx, = x2‘lX2}>3_t1:1<1 LGS

Path:

'P:Xw~e

F'HFP:3t:x2 THEZ:Q
I'P: X unpack(f : x,x) =ein x

P-Mod
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'E:Ttw

F'EP:[=7:x]we lab-Path
TFP:xwmc L DlabPat
F'EP:[t]we
E-Path

THP:7Twe.val

425 Modules as First-Class Values

Rootedness:

t : x rootedin X at E

Rooted ordering:

tl . Kl SE tz

Signature normalization:

Type:

Expression:

i %, < minfl |t :

T = . | paCkS
E == ...|packM : S
M == -..|unpackE : S
f =1 t : xrootedin {Iy : =}.lat I’
: x rooted in [= x]ate t : xrootedin {ly : Z}atl I

%, rooted in ¥ at I} < min{l | t, : x, rootedin X at i}

normy(7) = 7'

norm([7]) = [7']

Tik])=[=71":x]

norm([=

norm(E) = &’

norm([= E]) = [= E']
Ay norm(Zx) =
norm({ly : Zx}) = {lx : Zx}
sorte (t:x) =t :x¥ norm(Z)=Y% norm(E)=E
norm(Vt : k.2 - E)=Vt' : .3 - &
sort<, (k) =t ¥ norm(T)=
norm(3f : x.2) =3t : .3’
rESwE

T-Pack

['F packS : Q w norm(E)
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'FE:Tw
rFSwE THE <norm(E)we; THFM:E we,
- - — E-Pack
'k (packM : S) : norm(E) w e; e,
Module:
'S« E T'FE:norm(E)we
M-Unpack

'k (unpackE : S) : norm(E) w~ e

4.2.6 Elaboration with Applicative Functor

S u= ...
| (X :S)=S (applicative functor signature)
¢ u= 1 (impure effect)
| P (pure effect)
> u= .
| {lx: 2}
| Vt:x.X—>;E (generative functor signature)
| Vt:x.X-pX (applicative functor signature)
Abbreviation:
T —)¢ Tz = Tl {l }

A¢x:fe=1xzf{l =¢}

(e ez)ga (91 €)1y

def| - (p=10)
s P
tyenv(I'') ¢t : T=TI,t:x
tyenv(I‘) { tyenv(I") T=I",x:1)
r=-)
Ve['.Vt i x5y (P=T't: %)
Vpl. 7y = [ Vol'.Top1y (@T=I",x:17)
r=-
ApT" At : e (T=T,t:x)
Apl.e = [ Al Apx : 7. (T=T'",x:71)
e Tr="
(eT)pt T=T,t:x%)
(e F)P = [ ((eMpx)p T=Ix:1)
e T="

Effect combining:

PpVep=9 IvP =1 PvIi=I

Subeffects:
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F-Refl

o Pisl F-Sub

IA

P

Signature:

'S w3t ix.2 I ix,xx ZF S, w»E
S-Funct-I
(X :8)—>8S,~»V :%.2—> &
Fl—Sl hacd Htl Kq. 21 F tl . Kl,xX Zl |_Sz w> 3t2 . K2.22

S-Funct-P

Tk (X . Sl) = S2 hacd Eltz . Kl - Kz.th . Kl.Zl —p Zz[tz <« té tl]

Subtyping:
THE <E,~e]

Tt k2, <34 i k.51 Twe DL ik Eh «1]<Eywe ¢ <9,

Tx (VL TEL =S U-Funct
X X 5.
'V 1.2 E) SV 15.55 =g, B)) w ) 1 K121 7 21
! 151 7 =1 2 22527 2 Atz . KZ'AQOZXZ . 22. e, (x1 T (81 xZ))cpl
Module:
'-M: po e
F(xX)=Z
TEX 1% = Aplxy MVar
I'+B: <P"‘W’e
TF (B} & M Struct
F'“M' 'K{IX ZlX/ Z}V\’)e
M-Dot
FEMX 3t :KZwunpackO %, x) = e in pack(t, ApI'?. (x T?)p.Ix)
TFSwat:xE Tt:xxx:ZFM: Ewe
M-Funct-I
F'HfunX : S=>M (p V. .2 = B w AplAL k. Aixx : Z.e
TESwat:ikE Tt:xxx:ZFM:p30 1.2
X R R M-Funct—P
FFfunX : S=>M 3L 16,V k.2 =p X, we
F(xX)_Vt KL =5, E I(xx,)=Z I'HX<3t: kX 1Twe
M-App
X X, 1 B[t « 7] » ApI®. (xx, T (e xx,))p
tr - kp =tyenu(I) T(xx)=2 ThHSw3t:x2 THIL<IA T 1Twe Seal
M-Sea

T'EX:>8:p30 1ty - xp = k.2t « ' tp] » pack(Aip  xp.7, ApT.e xx)
'S~ & T'FE:norm(E)we
I'F (unpackE : S) :; norm(E) w~ e

M-Unpack

£ P 37 (Typing for module elaboration).

. FI—M'IE wekbid, The: E.

Bindings:
F'EB:y,Ewe
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THE:Twe
FEvalX =E :p {lx : [t]} » AT {lx = ¢}
'ET :xwT B-Typ
FHtypeX =T :p{lx : [=7: x|} = Apl{lx = [7 @ x]}

r=M:, 3t : k.2~ e NotAtomic(Z)

B-Val

B-Mod
I+ moduleX =M :, 3t : x.{ly : T} » unpack(t %, x) = e in pack(t, ApI'% {lx = x ['¥})
T'FSwE B-Sig
I} signatureX = S :p {lx : [_ E)} w AT {lx = [E]}
'EM:,3t: Txfly:Zlwe
p— B-Incl
['FincludeM @, 3t @ x.{ly : Z}we
TFeipw ALy oEmt
L =Ix\Ix, Ly :2Clx, :2, TFB: o, I Tl T T e
z= {l;(l . 2,15le . 22} T, tl K1, Xx; 21 - B2 'go 3t, : KZ'{IXZ . 22} w €) B Seq
'k BI’BZ cP1VP, Htl . Kl t2 . 2.2
~ unpack(t; : x;,x;) = ey in
unpack(t, @ x,,X;) = (letxx, = Apl'?1V92. (x; I'¥1)p.lx, in e,) in
pack(t; f,, ApI'?1V92 letxy, = (x; [¥1)p.ly, in
{l, = oy TP)p.ly , Ix, = (0 (T, 1 & Ky, xx, Xx, © Z1)%2)p. Ix,}
Path:
F'EP:Zwe
FEP:, 3t THZ:Q
P-Mod
I'HP:Xw unpack(f : x,x) = ein (x %),
Expression:
I'FSwE T3t xZ<norm(E)we TI'FM: pdt I k.Zwe
E-Unpack

I'+ (pack M : S) : norm(E) w e; (unpack(t : x, x) = e, in pack(t : x, (x I'?)p))
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% 8 ® Type Checking and Inference

8.1 Hindley/Milner Type System

[LY9S]

8.1.1 Language

X={xyz..} A={ap,..}

E
e == ()
| x
| Ax.e
| ee
| letx=ceine
| fix fAx.e
T
T == unit
| «
| -1
z
c == Va.o
fin
r=A—o%

8.1.2 Type System

Va. 7, > 17, < 35.5(1y) = 5, A dom(S)
Gen(T,7) =Va.t

'k O : unit
I'(x)>rt
'kx:t

'+x:gqke:n
F'FAx.e:q -1

'Fey i =17 I'kHey:

'kee: 1

'te:q T+x:Gen(l,g)kFe,: 1

F'letx=e ine, : 7
F'+f:thHAxe:t
F'Hfix fAdx.e:

5 3.1 Hl

EIE 38. u(Tl’ Tz) =S 7:; ﬁO&i, S(Tl) = S(Tz).

8.1.3 Algorithm W

EBE 39. LU [FME

(@ = fov(0)\fru(I))
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o Uy, 1) = S ZifiT SHRIET 5.
. S(Tl) = S(Tz) %?ﬁf:j‘ S 7\773\7?{{3‘5

W(T, O) = (2, unit)
I(x)=Vd.7 fresh§
W(T, x) = (@,[d < Bl7)

freshf WT+x: fB,e)=(S;,7)
W(F’/lx~ e) = (Sl’Sl(B) - Tl)

W(T,e) =(S1,1) W(S (D), e;) =(Sy, 1) freshB USy(1), 7, = B) =S;

W(T, e, ;) = (535,51, 53(B))
W(,e)=(S,n) L =50) WE+x: Gen(l},7),e) =(S;, 1)
W(T,let x = e; in e,) = (5,51, )
fresh WT+ f: (,Ax.e) =(S;,11) U(S:(B), 1) =S,
W(, fix f Ax.e) = (5,51, 5,(11))

PR 40. DU [RME

. W(ro, e) = (S, To), S(ro) = F, S(To) =T %ﬁf:j— S, Fo, TO 7537?7{“3‘5
e T'Fe:

8.1.4 Algorithm M

U(p,unit) = S
MT,0,p)=S
Up,[f < dlt) =S TI(x)=Vd.r freshf
M@, x,0) =S
Ulp, By = B) =S fresh 1,5, M(S(T) +x & S1(Br),e,51(B) =S,
M(T,Ax.e,p) = S,5;
M, e, —p)=S; freshf M(S(D),e,,5(B)) =S,
M(T, ey e3,p) = S35
M(T,e,8) =S, freshB M(S(T) + x : Gen(T, S,(B)), e, 51(p)) = S,

M(F, let x = (4} in ez,p) = Sle
MT+f:pAx.e,p)=S
M@, fix f Ax.e,p) =S

B 41, DU [RE

o« M(Ty,e,p) =S, STy) =T, S(p) =1 %ii/=5 S, I, p BFET 3.
eI'ke:r.
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8.1.5 Alternative Type System

' (O : unit
'x)=0
'kx:o

'+x:gqke:n
F'FAx.e:q -1

F|—611T2—>T Fl—e21T2
'kee: 1

'ey:0p T+x:0ke 1
F'tletx=e ine, : 7
F'+f:tkAxe:t
F'Hfix fAx.e: 1
I'te:t aé¢ftv(n)
FFe:Var
Fe:Va.r
The:[a<7]t
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8.2 HM(X): HM Type System with Constraint System

[OSW99]

8.2.1 #HIIRT L
% 42 (SIS 2 7 & (simple constraint system)). Hflifil#1> 27 4 1%, UM (Q,IFH) oz k.

« FEEDOTLT 7Ry b Q.
e BR(F) CP(Q)x Q T, UTREZTDOD.
- EBED CeP(Q), PECIZOWT, CI-P.
- EEDC,DeEPQ), QeQIZO>WT, WVPED.CIHFP)»2DIFQ7ZHIECIFQ.

def
Z O, C e P(Q) %I (constraint) LWER. %72, (F) C (P(Q)? ~DIEHER, CI-D — VYPeD.CI-P L%k
¥%. CFD»>DIFCOK, CH-D v HiLT3. ¥512, CAD=CUD L £iLT 3. ]

i 43, BAHIR S 2 7 4 (Q,1F) 1%, LU TR % admissible 125 5.

Cl-C
CI-FC Gl G
C I G,
Cl-D
CAC'IFD
]
AlEH].
ClHC < VPeC.CIFP
C1”_C2/\C2”_C3 =>VQEC3C1”_C2/\C2”_Q
= VQ e, IFQ CHSTHIRT S 27 A DN
= I
VPECAC'.CeEP = CACIFC
ClFD = CAC'IFCACIFD = CAC'IFD
BNULIEEY/R [

£ 7% 44 (Cylindric #l#3 2 7 & (cylindric constraint system)). Cylindric #lfJ> 2 7 4 2 1%, UFOM (Q,I-,A4,3)
DT,

o BHHIR S 27 4 (Q,IF).
« ZHOMBES A.
o B (Fodaen € [1,c, P(Q) = P(Q) TUTRZIiZT 0.
- EFED CeP(Q), aeAlZOWT, CIF3Ia.C.
- EFEDC,De PQ), ae AiOWVWT, CI+D7%51E, Ja.C I Ja.D.
- EE®D C,D € P(Q), a € AIZOWT, Ja.(C Ada.C) 4 (3a. C) A (Ja. D).
- FED CeP(Q), a,f € AWXOWT, Fa.3B.C -+ 3. Fa. C.
72720, Ja.C=@a)(C) TH 5.

[

7% 45 (HHZR). Cylindric #il# > 2 7 4 (Q,1-,4,3), #l# C € P(Q) iIcoVWT, HHEBOES % v(C) = {a |
Ja. CH-C} £ BX. ]
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E7% 46 (FLJenlHE (satisfiable)). Cylindric > 2 7 4 (Q,I-,4,3), #l# C € P(Q) 122\ T, I+ 3fv(C).C DI, C
BFREAHETH B 20 5. ]

fili’¥ 47. Cylindric §lf9> 27 4 (Q,IF,A, 3), il C € P(Q) 2o\ T, LITIXFEA.

o CIIZFEETIRE.
o Jda. CIEZFEATHE.

]
E% 48 (S 2 7 4 (term constraint system)). JHH#7 > 27 4 ¥ 13,
o HAR (E,X).
o« MFEDFVIMNETILT 7Ry b P.
o Cylindric #l§9> 27 4 (Q,IF,X,3), 7=7L, Q={p(xn,....1) | p™ € P, 1, ...,1, € [, X)]}
DM (Z,P,Q,I-,X,3) T, UFZHZTHD.
e FEDaeXiZOWVT, Fa=a.
« [EED a1,y EXIZTDOWVT, (al = sz) I= (C(z = O[l).
* 'EE%O) C(l,az, C(3 (S X &:OL\T, (0(1 = 062) A (“2 = C{3) “_ (C(l = 0(3).
° 'ff%n\@ al,az (S X, C (S ?(Q) &:OL\VC, (O(l = 0{2) A 30{1. (C A (O(l = 0(2)) “_ C.
s EEDaryFF AT €CW), 1,0 € [EX)]22WVWT, (7 =1)IF(T[g] = T[w)).
cfEFEDOPeQ, Te[EX)], a€X, agfi(t)iToWT, Pla <« 7] - Ja. (P A(a=1)).
]
T 49 (BIOWEIER). B A AB)[Ad T =B[ad « T|A - AB[a « T] L Kt T 3. ]

#ilid 50 (4 (renaming)). Hfl# > 27 4 (2,P,Q,1F,X,3), C € P(Q), a,0, € XITDWT, a, 2 CITHEL K
W, ;. C HF Ja,. Clay « ay). ]

filil8 51 (IEBUE (normal form)). #7227 4 (Z,P, Q,IF,X,3), C € P(Q) IZDWT, LURAID 2D,
Clay « 10 eees @ty < Tyl A o, ey CA(p =) A Ay, = Ty)
[]
i 52 (i8¥ (substitution)). JHHIF > 27 4 (Z,P,Q,I-,X,3), C,D € P(Q), B PIZDOWT, LIRHRDILD.

Cl-D = ¢CI-¢D

822 BIITL

£7% 53 (& (subsumption)). JHHHIS 27 4 (Z,P, Q, I, X,3) 1I2oWT, WENETHS L1, <P TLUTRH
T EES.

(a1 =ay) IF (g Sa) A(ay S )

(g S Aoy Sap) - (a = ay)
DI-(a; Sa;) DI-(a; S as)
DI+ (g S as)

DI-(a; Sa;) DIF(B 3B
DI (o = B S az = f2)
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[

B354 (RIS AT ). BERMEHEHKS 27 4 (Z,P,Q,1X,3) 1220, #l#CeP(Q), BET, Re, BRF—2L0
OHMIE C,THe: o ZUATD XS ITERT 5.
x:o0€l
CTkx:o
CTke:gn Clk 31
CTke: 1
CT+x:glke:n
C,THFAx.e:7 -1
CT'te:g—>1 CThe:q
C,Thee:n
CTke :0 CT4+x:0be:n
C.,THletx=e ine, : 5,
CAD,Tke:t a¢fu(C)uf(l)
CA3a.D,TFe:Va.D=>r
C,Tre:Va.D=>1 CI-D[ad <« 7]
C.,The:r[a«T7]

]
823 #EHm7IIUIL
EFR55. ZBOEAR U, Biftd, x e UIKOWT, ¢y ZLUTFD XS5 HBL.
o x:o€e9)
Plu(x) = { x (otherwise)
%7,
def
I =y ¢ < Vx € U.I-9|y(x) = ¢|y(x)
Fp<hd < - yop=yd
- <y ¢ <d=ef> .- <f ¢
YRILTB. ]

E3% 56 (IEBUE). IS 27 4 (Z,P,Q,I-,X,3), #l#1C,D € P(Q), B¢, P22V, (C,9) A (D,¢) DIEMF L
X, ¢<¢, CIE9D, YC=C%iililz3T %25 5. ]

s£3% 57 (WA = Algorithm W). JHEIFI S 2 7 4 (Z,P,Q,IF,X,3) 1I2WT, norm ZH#If) C € P(Q), Bt izBn
T norm(C,¥) = (D, ) 7 (C,9) DIEFRIC/ 2B T 5. F72, gen 2HI C € P(Q), BET, B2 ¥x—1 0, T
¥l a = (fu(o) UA(CHO\W(), C—H-C'AD, fu(D)Aa =@ Zifi7=$HI# C',D € P(Q) IZDO\WT,

gen(C,T,0) = (D A3a.C',Va.C' = o)

B THEBE T, oK, Bifty, CeP(Q), BIET, Re, BRF—210122o0T, HEY,C.THFY e: 0 2T
DESWERT 3.

.

x:Va.D=>tel freshf norm(D,[d < f]) = (C, )
Pl C, T Y x Yt
»,C,T+x:aF%e: 1t fresha
Pl CTEY Ax.e 1 P(a) - ©
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P, CL,THFY e iy 9,,C.THFY e, i, D=CACAT ST, > a fresha norm(D, P, Uy,) = (C,¢)
Ylpa), C T " e e, 1 P(a)
¥, CL,THFY e, 11y (Cy,0) =gen(Cp, 9 T,11) 95, C,T+x:0FYe, i 1, norm(C, A Cs,h; Uh,) = (C, 7))
Plary, C. T FW let x = ¢y ine, : Y1

[]
8.2.4 BEHEMN
W32
T o]
D s= x|3|-
Q == ¢
| QAQ
| DT
C == Q
T == «
| T7
o = Va.Q=>T1
e u= X
|  Ax.e
| ere
| letx=e ine,
Al HERR:
(DY) e G (D7) € G,
(D) e (D7) (DD EC,AC, (DD EC AGC,
DHEC CIFQ, CIFQ,
CI-D7 ClFQ AQ,
CkFp~y ClFgetn ClhEnpxt
Clrr~t ClkFq~r Cllk1~t
Clkg~n
Ckp 315
Chn~t CI-Th~Tn
CHTn~T, Clga~r
CHDfy Clfx~t
C I D7,
il R

C + flat(Qy) —»* W3 4
6, =[ay « 6,1 | (@ 2 ) € W3] Q, = N\{DT | (D7) € W5}
a;=fn(Q) 6 =[a; « 1] Cl-66,Q,
solv(C, Q) = 656,

flat(e) = @
flat(Q;)) = W flat(Q,) = W
flat(Q; A Q) =W U W,

flat(D7) = {D7}

a < B(lexicographically)
a<p
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a<T7

a<t a¢fiv(r)
a~TtT

Q=(C~1)ew
CHW - W\{Q}
Q=(Ta~TH)eW
CEW->W\Qhun =1,

(TF, ~ST)eW T#S
CFWo 1
B~DeW pefn)
CHFW->1
Q=Mmen)eW <7
CEW->W\{QhU{r ~7}
BenBenlCW n#n B~1 B~1
CEW->W\{Bxnphul{n =5}
Bret,fo=ntCW Biefivn) fi~n B~
CEW > (W\{B, 2n)U{B, 2 < 1l
B, DB}CW Bief(n) Bfi~mn
CHW — (W\{DR}) U{(DB)[B; < 1}
Q=DFfeW DTeC
CFW - W\{Q}

filif 58. C  flat(Q)) =* W, 4 O}, Wy={ri |5 | W, Wo=W\W, &35, BURDEDILD:

e €EWMIIDOWVWT, @ =a.

s 2T €EWMIZOWVWT, a; & fiv(n).

e 2T EMITOVT, =a, BH6IE, a; £ ay.

caxT,axT € MIZOWT, 11 = 1.

cQEW, aefv(Q)ITOVT, axT€E W, 2D T IXFAELRL.
« DTE W, IZDoWT, DT &C.
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8.3 Outsideln(X): Modular Type Inference with Local Assumptions

[VISSIT]

8.3.1 Syntax

).z, f.g.h B

a, B,y HER

K AVANI IR

T BlavA 70 %
D filfiar 2o 7%
F TIRTEL

8.3.2 Entailment

Concrete:

€
f=eP
fio=eP

x| K

v

Ax.e

€1 €

case(e, KX - e)
let(x : o =e;,¢e;)
let(x = ey, e,)
Va.Q=>r1

O ~n

DT

€

QANQ,

SR N R

—)TZ

S

>

3

v.oTl

QAQ
Va.Q=Q
VE()FI?I 27.'2

QI-Q, QIFQ,

QlFQ AQ,
Q> Qlbnp~n Qlbnpxng

QT ~ T

QlFt~7t Qo1

Qb7 ~ 13

Q-FAn=n QFA7=%

Q”_/\Tlﬁfz

QT ~Try, QI-Fn ~Fg,
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Va.Q,=> Q) €EQ QIFQfa<T1]
QI Q,[a < 1]
QIFDf QIFA7 =3
QI+ D3,

« projection - THER VWA ?

Requirements:

QANQIFQ, QAQIFQ; QIFQ

QAQIFQ QAQ IFQ; QI Qla « 7]
Qg Qlbn~n Q- on
QlFt~7t Qb1 Q- xng
QIFQ; QIFQ,
QIFQAQ,
Q-7 ~1

QlFtla « 7] @ t[a « 1]

8.3.3 Type System

(v:VvVa.Q=7)er QI-Qa< 3]
QT Hv: gla < 5]
Ql'Fe:nn QlFgqx~n
Q;Tke:
QGlL,x:gke:n
QTFAx.e: -1
Qe -5 QT'kFe i ng
Q;Tkee:n
Qe QLx:glke :n
Q;T klet(x =ej,ey) : Ty

QAQuTHe : g an(wQufv@)) =@ QI,x:Va.Q =7t e,

'

Q:THlet(x :Va.Q =1 =e,e) : 5
Q;}“ Fe:Tn
N(K; 1 VaB. Q= U; » Td) €T
B A (f(Q) U fn(T) U fiv(m) U () = @

N QAQila =TT x; tvifa; < Tl et

Q;T I case(e,KiX; — ¢) : 1,

(fv(T) U fiv(Q)) = @
QTke

QANQIFQ, QuTke:t a=f(Q)ufiv(t) QI,(f:Va.Qu=>1)FP

QT+ f=eP

QAQIFQ, QuTke:t a=f(Q)ufiv(t) T,(f:Va.Q=>1)FP

QT+ f:Va.Q =>1t=¢eP
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8.3.4 Type Inference

freshﬁ (v:VvVa.Q=>1)er
I'>vw Qla <« fB]l= t[a « ]
fresh I,x:fpewC=>r1
I>Alx.ewC=>pB-1
I'>begwCi=>7 I'be,w(C=>1 freshf
e ew G AGAM (> pB)=>p
l'begwCi=>n Dxigbew(C=>1n
> let(x =e,e;) » CLAC,=> 1

I'>e wCl=>1
B, = (ftv(z) U ftv(Cy))\ftw(ID)
F,x:val).Q1$T1>ez"“)C2=>T2

I'>let(x : Va;.Q = 1 =e;,e;) » (EIE.Q1 DCAGTHAC, > 1D

I'bewC=>r1
fresh 3,7

/\, fresh Ei
N(K; V@ Q= U - Td) €T
ATt ol <y >e - Gy
A, 8 = (fev(m) U v CONEV(T) U U Frv(r)

I > case(e,KiX; = ) » CA(T = THA(N;36. Qla =7 D Cian=p)=p

pd lv L
BT O Q;a F C) ~ Q, | 812DWTid, Bk 2.

Ql'>ew T
I'bew(C=>1
solv
Q6 ftv(t)uftv(C) - C w» Q|6
a = ftv(67) U ftv(Q)
fresh 3
AL, f:V.(Q=>06Da<Bl>PwT
Q> f=e,Pw T
I'>bew(C' >
1
QO V(T URV(C) F C A (r = T') o €| 8
QI f :Va.Q=>t>Pw»T
QI'>f:Va.Q=>1t=e,PwT

8.3.5 Constraint Solving

split(Q) = (Q, @)
split(Cy) = (Qy, I;)  split(Cy) = (Q,, 1)
split(Cy; A C3) = (Q1 A Q3,1 U )
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split(3@. Q D C) = {¢,{3a.Q D C})

split(Cy) = (Qq, L)
N simpl
QGQakQ w» Q|6 1
- ’ Ssolv ,
N gracnesr, BRAQAQ A EC €| 6

N solv
QG QakC w Q|0

Simplification:

canony(R) = (a3, 6,, W5) dom(6;) N dom(6,) = @
Q' (@7, 01. Wy & (B}, Wy) — (@165, 61 U Oy, W, U W5, Wo,)
canony(B) = (a3, 6,, W;) dom(6;) N dom(6,) = @
Q (a1, 6, Wy, Wy, W {R}) = (2103, 61 U 65, W, W, U W)
interacty(R, B) = W4
Q+ (a6, W,w{R,B},W,) > (&6, Wy UW;, W,,)
interacty, (B, B) = W4
Q+ (@6, W, Wy, & {B,B)) — (&6, W, Wi, U W)
simplify(P, B) = W,
Q F(a,6, W, v {P},W,, w{R}) — (&6, W, ¥ {P}, W, U W3)
topreactg(Q,Pl) = (e, W5)
QH(a,6,W, ¥ {R},W,) — (&6, W, U W, W,,)
topreact, (2. B) = (@, W)
Q (a1, 6, Wy, Wy, W {R}) = (2703, 6, Wy, Wy, U W5)

Prea B &ftv(n)
extract(f; ~ 1, @) = (6, {1 ~ })
Bred B & ftv(n)
extract(t; =~ B,, @) = (6, {B, = 7}
(ngavn €ftv(n)) (& aVvr e ftv(n))
extract(; ~ 7,, @) = (f; ~ 15, D)

extract(D7T, &) = (D7, @)

flat(e) = @
flat(Q)) =W flat(Q,) = W
flat(Q; A Q) = WU W,

flat(t; ~ ) = {n = ©}

flat(D?) = {D7}

Q + (&, @, flat(Q), flat(Qy)) —* (', 6, W', W5 )+
W, = (W | B € Wy, extract(6'B, @) = (W, R)}
R, = |J{R| B € Wy, extract(6'B,a’) = (W, R)}

6={8+—1|B €dom(R,),VB 1 €R,.T =067}

simpl
%QaFQ ~ OAW |6
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Canonicalization:

canon(J5 ~ I5) = (6, @, {n 2L €T =5 | T #5))

canon(F7 ~ F7) = {¢, @, D)
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8.4 ML Type Inference by HM(X)

[EL04]
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8.5 Bidirectional Type Checking for System-F

[DK13][IVWS07]

8.5.1 Language

Syntax:
Type Variables o
Variables X
Mono Types T n=
| a-1n
Types o uw= a
| -0
| Voa.o
Terms e u= X
| Ax.e
| Ax:o.e
| ere;
| e:o
Contexts I == ¢
| L +IL
| x:0o
| «
Context Member:
x:o0€elj x:o0€l;
x:o0€ex:o x:oelj+L x:o0cel1+1;
aelj ael;

acea ael+I, ael1 +1

Type Validity:
aerl
'Fa
F"O'l F"O'z
F|—0'1—>O'2
lako
I'-Va.o
Term Typing (predicative):
x:0€e'l
l“l—x:crVar
'oy TLx:okFe:o b
F'Ax.e: 0 — 0, s
I'Fo F,x:cll—ezczA Ab
F'FAx :o.e:0 >0y NRADS
F|_91:O'2—)O' rl_ez:az
A
'Fee:o PP
INake:o G
The:Vao °"

'te:Va.o TkHT
T'ke: oa<«1]

Inst
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8.5.2 Bidirectional Typing

Bidirectional Typing:
'e=>og Tho <o
Sub
'ke<o,
x:0€e'l
F}—x=>avar
I'kFo FI—e<:oAnn
'(e:o0)>0
TlakFe<o
Fl—e<=Voc.aTyAbS
ILx:o kFe<o,
Abs
'FAx.e<o — 0,
'kt n, x:igke&r
170 ! 2AbsSyn
F'FAx.e=>1 -1
Lx:okFe<so AnnAb
F'FAx :0.e<0 >0y NNADS
't o n Lx:gke<ert
170 ! 2 AnnAbsSyn
F'FAx :0.e>0 -0
l"l—el=>0'1 F|_01502—)U F|_32¢O'2A
'Feea=>0 P
Subtyping:
ae’l
F}—aSavar
ko <qg FI—JZSGZ’A
'top—> o0, <0 —o rrow
'k 'k ogla <
L2l ol « 7] <o Spec
I'kVa,.00 L0y
la, oy Lo
72 1272 grol
F"O’lsvaz.az
Subsumption:
Fl—aﬁaREH
'+ r+ <
L3l ol <] <0 Spec
I'FVa,.00 <0,
a & ftv(o
£ fw(e) WeakSpec

'kVa.o, » 0, <0, —» Va.o,

8.5.3 Algorithmic Type Inference

Algorithmic context:

I' == ¢
| T,ax
| T,x:o
| T,&
| T,a=rt
| T,am &

Substitution:
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Bidirectional typing:

[T](o1) =01 [Tl(o) =0y
[Tl(o1 = 03) = 0] = 7,
[Tl =0
[T](Va.o) = Va. o'

T'kFe=>0,|0 OF[O]o <[Oloy| A
l'Fe<o, | A
x:o0€l
'x=>o0|T
F'e<o|A
FI—e:a=>a|AAn
lNake<o|A a0
F'e<Va.ol|A
Lx:oke<so|AXx: 0,0
'FAx.e<€o -0 |A
T,dy,dyx:diFe<sd, | Ax: dy,
'kAx.e=>d —-d,| A
ILx:okFe<so|AXx: 0,0
F'FAx:0.e<o >0 | A

Sub

Var

n

TyAbs

Abs

C]
AbsSyn

AnnAbs

Idy,x:oFe&sd, |Ax: 0,0
F'EAx:og.es> o0 > d | A

AnnAbsSyn

Fl—el=>01|®1 ®1|_[®1]O'150'2—)O'|®2 ®2|_92<:[®2]O'2|A

Subtyping:

Instantiation:

A
F'eea=>0|A PP

ael
F'Fa<al|T

ae’l
TFa<&|T
'toy <0 |® OF[B]o,<[O]g|A
l'top—>o<0 -0 A

la— & akgla<—al<o|Aam &0
'Va.o, <o, | A
lako <o |Aa,0
o <Va.o, | A

& &fve) d €T Thd ~a]|A
TFd, <o, | A

¢y & fiv(o)) & €T Tho~d,|A
TFo <d,|A

Lt
L,aLtaxt|h,a=11
Lt
LaLtrtxa|h,a=11

O,d,0,d), T Fdy ~dy | I, dy, I, dy = oy, I3

rl,d\:z),d\z,d\l:d\z—)d\:z),rz'_(j'zﬁd\zl@ @I_CZ\32[®]G3|A

rl,dl,rz |_061 =~ 0y —)G3|A

I‘l,d\g,,d\z,d\l:d\zﬁd\g,,r‘z'_d\zﬁo'zle) @F[@]O’:;ﬁd:;lA

Fl,dl,rz |_O'2—)O'3zd\1|A
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rl,dl,rz,az [ Cfl ~ 0'2 | A, C(z,@
Fl,dl,rz = Cel ~ VO{Z.O‘Z | A

0,dyh,a = dy,dy Fofag < d] =dy |Aa - d,0
Fl,dz,rz = VOC1.0'1 ~ sz | A

Subsumption:

F'Edy <dy = ds | Ty, ds, ) =dp = dj

FI—O‘1—>0'2501—>0'2|F

a & fiv(oy)

'FVa.0y >0y <0y > Va.o, | T

fo] »> oy =o0p.a; & ftv(o]) T,d Fofa; « di] <o, | A

F'EVa,.o0 <0, | A
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8.6 System-FC with Explicit Kind Equality

[WHEL3]
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F10=

Dynamic Memory Management and Gabage
Collections

79
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10.1  WIP: On-the-Fly GC: Concurrent Tri-color Mark and Sweep

[DLM*78]
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10.2  Memory Allocator with BitMap Free List

[UOO11][U016]

10.2.1 Heap Structure
EFS9(Ey b (bit)). By Frld. Be{T,llozr, vy bOEA® B={T, L} vt XiLT 3, ]

LAY NIZFTRENMMBED, FNZFRDIZ TR0 € [N &7 w vy 73 A X sizeOfClass(i) % # 5.
Vi; < i,.sizeOfClass(i;) < sizeOfClass(iy) Zfi7z 3, $7. 77 AZNETNT I XV FBFO TR Y 78
blockCountOfClass(i) 23T E > T\ 3,

EFR 60 (L7 R b (segment)). L7 XY b i, UFCE3MS =ML DI TH5:

« 7 RX Y M2 F R i€[N,], subheapClass(S) =i & EKitF %,
c Py brwy I Me BblockCountOfClaSS(i)o bitmap(S) = M ¥ #EioT 2,
. 70y ZEE| L € BIKPkCommOlasi) | plock(S) = L ¥ Kil T 3,

L IR NDY T A% Seg ¥ KilT 5. ]
P —7& N DI 522k %—7HEEBTH S,
EFE 61 (7 —7 (sub-heap)). 7 7R i DV T —72iE UFEZ2MH V=R DI TH3:

o« BEL TRV MNEBDHIR e N*, free(V)) =R 2 Rid3 3,

3% 62 (£ —7 (heap)). E — 7L i3, LINICK 3# H = (A, {V}ign, . F) DT L TH %:

« £ X DA € Seg|. segments(H) = A ¥ KiLT 5.
o ¥ 7t —T DK {V}ign,)o subheap,(H) =V, £ &KiLT %,
e BEXEL XY DY F e N*, free(H)=F £t 3 %,

10.2.2 Initialize

Ensure: H
1: fori € [N,] do
2 Vi « (sizeOfClass(i), €)
3: end for

: H < ({V}ig[n,- ©)

A
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10.2.3 Allocation

Require: H,size
Ensure: H,blk
1: cls = classOfSize(size)
2: if cls = —1 then
3: blk « (FreeSize, allocFreeSize(size))
4: else
5: Vs < subheap , (H)
6: if |free(V,)| > O then
7: lgeq * F  free(Ve)
8: seg < segments(H)(isq)
9: iy < pick({i | i € [blockCountOfClass(cls)], bitmap(seg)(i) = L})
10: else if |free(H)| > 0 then
11: leg - ' < free(H)
12: free(H) « F
13: segments(H)(iseg) < newSegment(cls)
14: free(Vey) « i - free(Vy)
15: seg < segments(H)(isq)
16: iy < 1
17: else
18: segments(H) « segments(H) - L
19: lseq < |segments(H)|
20: segments(H)(isg) < newSegment(cls)
21: free(Vey,) « igeg - free(Vy)
22: seg < segments(H)(isq)
23: Ipe < 1
24: end if
25: bitmap(seg)(ipy) < T
26: if Vi € [blockCountOfClass(cls)]. bitmap(seg)(i) = T then
27: [seq * F  free(Ve)
28: free(Vy,) « F
29: end if
30: blk < (OnSubHeap, i, ipik)
31: end if
7% 63.
classOfSize(s) = { r_ntlx{i € [N,] | s < sizeOfClass(i)} E\;iheery:ics]é)slzeomlasso) <
7% 64.

newSegment(i) — (i, J_blockCountOfCIass(i)’ neWBIOCk(SizeOfC1aSS(i))blockCountOfCIass(i))
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10.2.4

Free

1:

2:

3:

4:

14:

Require: H,blk

Ensure: H

if blk = (FreeSize, body) then
freeFreeSize(blk)
else if blk = (OnSubHeap, i, iy ) then
seg «— segments(H)(isg)
cls < subheapClass(seg)
Vs < subheap , (H)
bitmap(seg)(iy) < L
if Vi € [blockCountOfClass(cls)]. bitmap(seg)(i) = L then
free(Ve,) « (i € free(Vy) | i # igeg)
free(H) < igq - free(H)
else if iy, & free(V,;) then
free(Vey) < igeq - free(Vy,)
end if

end if
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10.3 Concurrent Garbage Collector for Functional Programs

[UOO11][U016][GD20]

10.3.1 Heap Structure
Heap H = (F, (H¢, Heyps - s Heyn)s M)

F € Seg* A pool of free segments.
H; € Seg; X Seg, x Seg; A sub-heap to allocate 2'-bytes blocks.
M A special sub-heap for large objects.

Segment S; = (B;,P,C)

B;  Allocation blocks of the same size.
p A pointer to the next block.

(¢ A bitmap represented object liveness.

10.3.2 Allocation and GC
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94 % 15 % Syntax and Parsing

15.1  WIP: Parsing by LR Method

[Knu65]
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15.2  Syntax and Semantics of PEG

[For02[], [For04]

15.2.1 Syntax

e == ¢ (epsilon)
| (terminal)
| A (non-terminal)
| ee (sequence)
| e/e (alternative)
| e* (repetition)
| le (not predicate)

c € X

A € N

FEFE 65. PEG 0iEX 11X, MIRICX 2 G=(Z,N,Re)) DI TH53.

) s 5 ORAE.

N IR S OES.

R A- ez dHRAOES. HANZ, GBI L THT—D.
eo  WIEAEK.

15.2.2  Structured Semantics

(e, x) — s(€)
oc#0o

{0,0x) = s(o) (0,0'x) > (o,6) > f

A«<e€R (e,x)—o
(A, x) > 0
(er, x1X2)) = s(x1) (e, X2)) = s(x3) (e, x) > f (e, x1y) = s(x;) (ez,y) = f
(er€3, X1%2)) — 8(x1X) (e1e3,x) = f (erez,x1y) — f
(e1, xy) = s(x) (e, x) > f (ey,x) >0
{e; / e3, xy) — s(x) (e1/ ey x) >0
(e, x1%)) = 8(x1)  {e*, X)) — s(x) (e,x) > f
(€%, x1X2)) = 8(x1X7) (e*,x) — s(e)

(e,x) > f (e, xy) = s(x)
(le, x) — s(¢) (le,xy) - f

H(Z’ N7R’ eO)]] = Heo]]
el = {x € % | (e, x) — s(x)}
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15.2.3 Equivalence

Abbreviations

&e=1e) (and predicate)
et = ee* (positive repetition)
e’ =e/e (optional)

Associativity

[er/(ex/es)] = [(er/ez)/es]l
[ei(ezem)] = [(erez)es]l

Epsilon

[e/e] = [l
fecl = el  [eell = [el

Repetition

M == eM]|e¢

[e*] = [M]

15.2.4  Producing Analysis
sz=0]1, os=s|f

e e—0

e 0 —1

eo—f

e A«—e€R, e—~o0BITA—0
ee; =0, e>07%51Xee; 0
v =1, e 2skhbidee, 1
cep s, e~ 148510, 1
v~ fblidee, ~f
ee;—s, e ~>fhdiee, ~f1
v —~siEblide /ey
ve—~f, e~ 0kbide /e;—o0
ce=17%51Fe" 1
ce~fRbiTe = f
ce—siEBIEle~f
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ce—~fRbiEle—0
EPE 66.

o (e,x) > s(e) mBIX, e—0
o {e,xy) > s(x), x#ekbHlX, e—~1
e (e, x) > TRBIE, e~f

% 67.ero 2513, (e, xy)As(x) 7D (e, xy)-Af

[
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15.3 Haskell Parsing with PEG

[Sim10]

15.3.1 Lexical Syntax

program == (lexeme | whitespace)*
lexeme == qvarid
| qconid
| qvarsym
| qconsym
| literal
|  special
|  reservedop
|  reservedid
literal == integer
|  float
| char
|  string
SpeClal = ll(ll | Il)ll | ll’ll | ll;ll | ll[ll | Il]ll | nsn | ll{ll | I’}ll
whitespace whitestuff *
whitestuff Wwhitechar | comment | ncomment
whitechar == newline | "\v" | " " | "\t" | (Unicode whitespace)
newline == "\r\n"|"\zr"|"\n"|"\f"
comment == dashes (\symbol any*)’ newline
dashes = N (n_u)+
opencom = "{-"
closecom == "-}"
ncomment == opencom ANYs (ncomment ANYS)* closecom
ANYs == I(ANY”™ (opencom | closecom) ANY*) ANY*
ANY == graphic | whitechar
any == graphicl non | "\t
graphic small | large | symbol | digit | special | "\"" | "' "
small "a" | "b" | .-+ | "2z" | (Unicode lowercase letter) | "_"
large "A" | "B" | --- | "Z" | (Unicode uppercase letter) | (Unicode titlecase letter)
Symbol = 1% | MY | P W | Mg | S [ |00/ | s [
| nen | na" | n\\u | n-~n | n | n | n_n | non | nen
| Msymbol|"_"|"\""|"'") uniSymbol
uniSymbol == (Unicode symbol) | (Unicode punctuation)
digit wo"™ | ™1 | --- ] "9" | (Unicode decimal digit)
octit ROLN IS L PO Al
hexit == digit|"A" |- | "F" | "a" |-+ | "£"
varid I(reservedid \other) small other™
conid large other”®
other == small| large | digit|""'"
reservedid == "case" | "class"|"data" | "default" | "deriving" | "do" | "else"
| “"foreign"|"if" | "import" | "in" | "infix" | "infix1" | "infixr"
| "instance" | "let" | "module" | "newtype" | "of" | "then" | "type"
| "where"|"_"
varsym == |((reservedop | dashes) !symbol | ":") symbol*
consym I(reservedop !symbol) " : " symbol*
reservedop T B N L N I L I L LN IR I
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decimal
octal
hexdecimal
integer

float

exponent
char
string
escape
charesc
ascii

cntrl
gap

modid == (conid ".")* conid
quarid == (modid ".")’ varid
qeconid == (modid ".")’ conid
quarsym == (modid ".")’ varsym
qeconsym == (modid ".")’ consym
digit™
octitt
hexit*
decimal
"0o" octal | "00" octal
"0x" hexdecimal | "0X" hexdecimal
decimal " ." decimal exponent’
decimal exponent
(nen | "E") (n+u | ||_n) deCimal
nmin (!(u (N1 | n\\n)graphic | non | !n\\&u eSCClpe) nmn
||\|| n (!(n\u n | u\\u)graphic | non | escape | gap)* ||\n n
"\\"(charesc | ascii | decimal | "o" octal | "x" hexdecimal)
llall | llbll | llfll | Ilnll | llrll | lltll | IIVII | Il\\ll | ll\llll | nen | ll&ll

"~"cntrl | "NUL" | "SOH" | "STX" | "ETX" | "EOT" | "ENQ" | "ACK" | "BEL" | "BS"
"HT" | "LF" | "VT" | "FF" | "CR" | "SO" | "SI" | "DLE" | "DC1" | "DC2" | "DC3"
"DC4" | "NAK" | "SYN" | "ETB" | "CAN" | "EM" | "SUB" | "ESC" | "FS" | "GS" | "RS"
"US" | "SP" | "DEL"

WAM | ngn | | ngn | Il@ll | n [n | ll\\ll | ll]ll | n=~n | vl_n

"\\" whitechar* "\\"

15.3.2 Preprocess for Layout

(s=t:s§,pos(t) = (¥, c),islft(t))

{}: () Li(r,s) (s=t:s,pos(t) =(r,c),islft(t))

(s=¢)

Li(",s)
L(s)
{1} : ¢
Ly(r,s) Ly(r',c,t,5")

Ly(n,c¢1,t,9)

"y : Ly(',c,t,s') (s=t:s,pos(t)=(,c)r#r)
(s=t:s,pos(t) =(r',c)r=r")
€ (s=¢)

D Ly(n, ) (islt(ty),s =t : ', pos(ty) = (B, cy), t, = "{")
t i f{ea} i {ey) ity L Li(m,s')  (slt(ty),s =ty 1 §',pos(ty) = (B,¢5), 85 # "{")

|
{tlztz
|
|

tp i {1} : ¢ (islt(ty), s =€)
ty @ Ly(n,s) (islt(t1))
. T (t = "module")
islfe(t) = 1 (otherwise)
T (t="let")
T (t = "where")
islt(t)=4 T (¢t ="do")
T (t="of")
1 (otherwise)

15.3.3 PEG with Layout Tokens

module
body

bodyinl

"module" modid exports’ "where" body
body

expbo bodyinl expbc

impbo bodyinl impbc

impdecls semi™ topdecls

impdecls

topdecls
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impdecls
exports
export

impdecl
impspec
import

cname

topdecls ==
topdecl ==

semi*(impdecl semi*)* impdecl

" (" (export " ,")* export’ ")"

quar

qtycon (" (" (".." | (cname " ,")* cname)’ ")")’
"module" modid

"import" "qualified"’ modid ("as" modid)’ impspec’
(" (import " ,")* import’ ")"

"hiding" " (" (import ",")* import’ ")"

var
tyCOl’l (n (" (II oom I (cname " n)* Cname)? ") ll)?
var | con

(topdecl semi)* topdecl |

"type" simpletype "=" type

"data" (context "=>")? simpletype ("=" constrs)’ deriving’
"newtype" (context "=>")’ simpletype "=" newconstr deriving’
"class" (scontext "=>") tycon tyvar ("where" cdecls)’
"instance" (scontext "=>")’ qtycon inst ("where" idecls)’
"default" " (" ((type ",")* type)’ ")"

"foreign" fdecl

decl
decls == expbo declsinl expbc
| impbo declsinl impbc
declsinl == (decl semi)* decl |
decl == (funlhs | pat) rhs
| gendecl
cdecls == expbo cdeclsinl expbc
|  impbo cdeclsinl impbc
cdeclsinl == (cdecl semi)* cdecl |
cdecl == (funlhs|var) rhs
| gendecl
idecls == expbo ideclsinl expbc
|  impbo ideclsinl impbc
ideclsinl == (idecl semi)* idecl |
idecl == (funlhs|var) rhs
|
gendecl == vars "::" (context "=>")’ type
| fixity integer’ ops
|
ops == (op",")" op
vars (var ",")* var
fixity "infix1l" | "infixr" | "infix"
type btype ("->" type)’
btype == btype? atype
atype == gtycon
|  tyvar
| n (u (lype " R u)+ type u) "
| "["type"]"
| "("type")"
gtycon == qtycon
| ey
| " [n ||] "
GRS LD I
| oo,y



15.3 Haskell Parsing with PEG

101

context == class
| " ((class ",")* class)’ ") "
class == qtycon tyvar
| qtycon " (" tyvar atype*t ")"
scontext == simpleclass
| (" ((simpleclass " ,")* simpleclass)’ ")"
simpleclass == qtycon tyvar
simpletype tycon tyvar*
constrs (constr "|")* constr
constr == con expbo ((fielddecl ",")* fielddecl)’ expbc
| (btype | "!" atype) conop (btype | "!" atype)
| con (""" atype)*
newconstr == con expbovar "::" type expbc
|  con atype
fielddecl == vars"::" (type|"!" atype)
deriving == "deriving" dclass
|  "deriving" "(" ((dclass ",")* dclass)’ ")"
dclass == qtycon
inst gtycon

v (" gtycon tyvar* ")"

v (gyvar ")t tyvar ")
v tyvar "1"

n (Il tyvar |I_>I| t))var Il) n

fdecl == “import" callconv safety’ impent var "::" ftype
| "export" callconv expent var "::" ftype
callconv == "ccall"|"stdcall" | "cplusplus" |"jvm" | "dotnet"
|  (system-specific calling conventions)
impent == string7
expent string?
safety "unsafe" | "safe"
ftype == fatype "->" ftype
| frtype
frtype == fatype
| " (n n) n
fatype == qtycon atype*
funlhs == var apat*
|  patvarop pat
| "(" funlhs ")" apat*
rhs == "="exp ("where" decls)’
|  gdrhs ("where" decls)’
gdrhs == guards "=" exp gdrhs?
guards == "|" (guard ",")* guard |
guard pat "<-" infixexp

"let" decls
infixexp
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exp

infixexp

lexp

fexp
aexp

aexp2

casealts

gdpat
dostmts

stmts
stmt

E;
S
a.

pat

Ipat

apat

fpat

qual

alts
alt

infixexp ": : " (context "=>")" type
infixexp

"—" infixexp

lexp qop infixexp

lexp

n\\u apat+ n_sn exp

"let" decls "in" exp

"if" exp semi’ "then" exp semi’ "else" exp
"case" exp "of" casealts

"do" dostmts

Jexp

aexpt

qcon expbo ((fbind ",")* fbind)’ expbc
aexp2 (expbo ((fbind " ,")* fbind)’ expbc)*
qvar

literal

"("exp ")

(" (exp",")t exp ")
"["(exp",") exp "1"

nn exp (u " exp)? noom exp? nn
"["exp"I|" (qual ",")* qual "]1"

" (" infixexp qop ")"

w(m (=" infixexp) qop infixexp ")"
geon

pat "<-" exp

"let" decls

exp

expbo alts expbc

impbo alts impbc

(alt semi)* alt

pat "->" exp ("where" decls)’
pat gdpat ("where" decls)’

guards "->" exp gdpat7
expbo stmts expbc
impbo stmts impbc
stmt* exp semi’

exp semi

pat "<-" exp semi
"let" decls semi

semi

quar "=" exp

Ipat qconop pat

Ipat

"-" (integer | float)
geon apat™

apat

var ("e@" apat)’

literal

(" pat ")"

(" (pat ",")t pat ")"
"[" (pat ",")* pat "1"
"~" apat

qcon expbo ((fpat ",")* fpat)’ expbc
geon

qvar "=" pat
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geon

var
quar
con
qcon
varop
qvarop
conop
qconop
op
qop
geonsym
tyvar
tycon
qtycon

expbo
expbc
impbo

|
—
o

Il I
—_
m
8,

impbc
semi =

n (ll ll) n

n [ll II] n

u(n n’u+ n)u
qcon

varid | " (" varsym ")"
qvarid | " (" qvarsym ")"
conid | " (" consym ")"
qconid | " (" gconsym ") "

varsym | "~ " varid " ™"
quarsym | "~ " quarid " "
consym | "~" conid """
geconsym | "~ " qconid " ™"

varop | conop
qvarop | qconop

":" | gconsym
varid
conid
qconid
u{n [0 : l]
"I (1]
fn} m:m:l|n>mj
fn} [(n+1):m:l|n<m
{n} [n:e|n>0]
€ [l| m>0]
my [m:l|m=n]
21 (ny [m:l|m<n]
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15.4 WIP: A Memory Optimization for PEG with Cut Operations

[MMYO08]|[MMY10]
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15.5 WIP: SRB: An Abstract Machine of PEG
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20.1  WIP: Implementation Note of PEG Parser

Normalizing

erus == ey /--/e, /€ (neN)
| e/ /ey (n € Nyp)
e == I(u;-—-uy,) (n € Nyq)
| &y - uy) (n € N3p)
| up - uy (n € N3p)
U == o
| A

norm(N, []) = (N, @)
norm(N, [A « e] + X) = (N,, {A < alt(a)} U X; UX,)
(norm(N, e) = (a, N;, X;), norm(N;, X) = (N,, X;))

norm(N, ¢) = ([¢],N, @)
norm(N, o) = ([c],N, @)
norm(N,A) = ([A],N, @)

norm(N, e;e,) = (seq(a;,a,), Ny, X; UX5) (norm(N, e;) = (a;,N;, X;), norm(Ny, e5) = (ay, N5, X5))
norm(N, e;/e;) = (a; + a3, N5, X; UX,) (norm(N, e;) = (a;, N;, X;), norm(Ny, e;) = (a3, N, X))
norm(N, e*) = ([M],N' w{M},X U{M <« AM/e}) (norm(N @ {A},[A « e]) = (N', X))
norm(N, &e) = ((M],N' W {M}L X U{M « &A}) (norm(N + {A},[A < e]) = (N, X))
norm(N,!e) = ([M],N' w{M},X U{M « ' A}) (norm(N + {A},[A < e]) = (N, X))

seq(ar, az) = [ere; | €1 < ay,e; < a5
alt([ey, ..., ex]) = e/ -+ ley, Vi<m.e #¢,e, =¢)
alt([ey, ...,ex]) = €1/ -+ e, (Vi.e; #¢€)

norm((%,N, R, ep)) = (Z,N',R', S)
(R=1{A; < ey, ..., A, < ¢, },norm(N & {S}, [S < ey, A; < ey,..., A4, < ¢,]) = (N',R))

Machine
State:

« arule

« current position in rule
Transition:

]
« EOS

« otherwise

Output:
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with backpoint Ny ZRA Y FEFBEL, Ny 7R Y MR- LROROEBREIEET 5. fail LGE—RELD
backpoint ¥ TAJIIREEL 2 & v 7 2 FE$. reduce FFHLD R4 5.

enter IR EEZZMT 5. XELINTWIHEZOMEEMES. ZhUANDGE, reduce R - T < 2K Z G5
L, ROREICERT .

goto RODIRFEICERT 5.

shift AN% 1 OHEL, ROREITERT 5.

reduce HHANCIR->TAX vy 75 ERZROMLTE LD, XEL, AX v ZIZHEICARTE, enter FRZERI A
TIRBEICTER T 5.

Optimization
1. unify transitions.

2. look ahead backpoints.

Example

E == CA
| €
A == aB
| a
B == bA
| b
C == l!abab
|

& ab
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E<-C.A
(-): with backpoint | C <-;

- nter into A

tabab

b): shift

-): with backpoint

(-): with backpoint

A
enterfinto B \(-): goto
A

B<-.b

b): shift (-): reduce

(b): shift -): reduce

A<-;aB.

oo

’
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
K-): goto
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1 -): reduce
|

1 -
’
\

\ ,’(—): goto -): reduce

A<-.a -): reduce

(a): shift

= = = e == = e e = === ===

(-): reduce (-): reduce

e

201 REEEBX
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Ce<-;.

(a): with backpoint

C<-;!:a.bab

(b): shift

ab.ab

I
1
1
1
1
1
1
1
1
1
1
I

(a): shift

C<-;!:aba.b

(b): shift

(-): reduce

|
|
|
|
|
|
|
|
|
|
1

C<-;!:abab.

(-): reduce

E<-CA.

labab

-): reduce

-): reduce

(-): reduce

(

B<«-:bA.

(-): reduce

202 mEfbSh 7z IRREERIX

(-): reduce

a): with backpoint

F

(a): shift

-): enter into E

ter inlo A ™

a): shift

-): reduce
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20.2 Strik Syntax and Layout
20.2.1 Syntax

Program

program == program(decl;;---;decl,) (program)

Declaration

decl == fun(f)(argltem,;---;argltem, )(expr)

Expression

expr x
n

(tupleltem.; --- ; tupleltem, )
block(blockItem,; --- ; blockItem,,)
Aargltem ; ---; argltem, )(expr)
expr(tupleltem,; --- ; tupleltem, )
case(exprL1 — expr
expr . type

X : type

x

prom(x) : type
prom(x)

X = expr

prom(x) = type
expr

let(x = expr)

rec(x = expr)

1,27

argltem

tupleltem

blockItem

Type

[ype w= X
n

type : type,

X : type
prom(x) : type
X = type
prom(x) = type
type

let(x = type)

typeTupleSigltem
typeTupleltem

typeBlockItem

20.2.2 Layout

-expr, | — expr

(typeTupleSigltem ; --- ; typeTupleSigltem )
(typeTupleltem,; --- ; typeTupleltem, )
(typeTupleSigltem ; --- ; typeTupleSigltem ) — type
block(typeBlockltem ; -+ ; typeBlockltem, )
type(typeTupleltem ; --- ; typeTupleltem, )

(variable)
(integer)
(tuple)
(block)

(abstraction)
(application)

(branch)

(type annotation)

(variable)
(integer)
(tuple type)
(type tuple)
(function type)
(block)
(application)
(type annotation)
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20.3 Strik Type System

20.3.1 Declarative

Context:
I == ¢ (empty)

|  x: type (variable)

|  x=type (synonym)

| ;L (concatenation)
Program:
I' - program | A ‘

decl; | x; -+ decl, | x,

fresh(a;,...,a,) L =T;x; 1 a;5%, . a,
AO = Fl AO |_ deCll | A] An—l |_ decln | An

I - program(decl;; ---;decl,) | A,

Declaration:

fun(f)(argltem,; ---; argltem, )(expr) | f

Ao =T Ag k- argltem, : typeTupleSigltem | Ay -+ A,y = argltem, : typeTupleSigltem, | A,
Ay expr i type A=T;f : a;L;a = (typeTupleSigltem ; --- ; typeTupleSigltem, ) — type

L; f : oL F fun(f)(argltem ; --- ; argltem, )(expr) | A

Expression:

I' = expr : type

I'(x) = type T + type : Type

' x: type
I' - Int : Type
'-n:Int
Ag =T Ag k- tupleltem, : typeTupleSigltem, | A, --- A,_; - tupleltem, : typeTupleSigltem, | Ay,
[+ (tupleltem,; --- ; tupleltem, ) : (typeTupleSigltem ; ... ; typeTupleSigltem, )
Ao=T type,=( AgF blockltem, : type, | Ay -+ Ap_y & blockltem,, : type, | A,
I - block(blockItemy; --- ; blockItem,,) : type,
Ay =T

Ao & argltem, : typeTupleSigltem, | Ay -+ A,_y b argltem, : typeTupleSigltem, | A,

A, - expr : type

T+ Aargltem ;- ; argltem, )(expr) : (typeTupleSigltem ; ---; typeTupleSigltem, ) — type

[' b expr : (typeTupleSigltem ; --- ; typeTupleSigltem ) — type
'+ (tupleltem,; --- ; tupleltem, ) : (typeTupleSigltem ; ---; typeTupleSigltem,)

[ expr(tupleltem,; --- ; tupleltem ) : type

' type : Type T+ expr, | : Bool T+ expr,, i type - T [ expr, |

:Bool Tk expr, , : type

I' - case(expr, | — expr, ,;---;expr, | — expr, ,) : type



122 %5 20 & Strik: A Language for Practical Programming

' expr : type
T+ (expr : type) : type
'k expr : type, T = type, < type,
[+ expr : type,

Tuple:
T + tupleltem : typeTupleSigltem | A‘

I' - expr : type
F'kx=expr: (x:type)|T
' type : type,
I'+ prom(x) = type : (prom(x) : fype,) | I} x : type,; x = type

Block:
T + blockItem : type | A ‘

I' = expr : type
't expr: type|T
'+ expr : type
FHlet(x=expr) : )| T;x : type
I;x @ type & expr : type
F'+rec(x=expr): ()| ;x : type

Argument:

I - argltem : typeTupleSigltem | A‘

I' - type : Type
T'F(x: type) : (x : type) | T;x : type
I' - type : Type
F'kx:(x:type)|;x : type
'k type : type,
' (prom(x) : type) : (prom(x) : type) | T;x : type
'k type : type,
[ prom(x) : (prom(x) : type) | T;x : type
Type:
'k type : type,
I'(x) =type T I type : type,
'k x: type
I' - Type : Type
I' = Int : Type
I'n:Int
Ag =T Ag b typeTupleSigltem, : type, | Ay -+ Ay & typeTupleSigltem  : type, | Ay,
' (typeTupleSigltem,; --- ; typeTupleSigltem ) : Type
Ao =T Ag b typeTupleltem, : typeTupleSigltem, | Ay - Ay,_; & typeTupleltem, : typeTupleSigltem | Ay,
[' & (typeTupleltem,; ---; typeTupleltem, ) : (typeTupleSigltem.; --- ; typeTupleSigltem, )
Ay=T
Ay += typeTupleSigltem, : type, | Ay -+ A,y & typeTupleSigltem, : type, | A,
Ay, - type : Type

' = (typeTupleSigltem ; --- ; typeTupleSigltem ) — type : Type
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Ag =T Ag - typeBlockltem, : type, | Ay - A,_; | typeBlockltem, : type, | Ay,
[' = block(typeBlockltem,; --- ; typeBlockltem, ) : type,
'+ type : (typeTupleSigltem,; --- ; typeTupleSigltem, ) — type,
Ao =T Ag - typeTupleltem, : typeTupleSigltem, | Ay -+ A,_y & typeTupleltem, : typeTupleSigltem, | A,

'+ type(typeTupleltem,; --- ; typeTupleltem,) : type,
'k type : type,
[k (type : type,) : type,
'k type : type, T [ type, < type,

'k type : type,
Tuple Type:
’ I' - typeTupleSigltem : type | A ‘
I' I type : Type
'k (x: type) : Type | T
I' = type : type,

['F (prom(x) : fype) : type, | I';x @ type

Type Tuple:
’ T + typeTupleltem : typeTupleSigltem | A‘

'k type : type,
TF (x=1pe) : (x : type,) | T
I' = type : type,
'+ (prom(x) = type) : (prom(x) : typey) | I;x @ type;x = type

Type Block:
’ T + typeBlockltem : type | A ‘

' type : type,
[t type : type, | T
'k type : type,
['Flet(x = type) : ()| Tsx : type,; x = type

Cast:
'+ type, < type,

type, = type,
I' - type, < type,
L x = type; T, F type, [x < type] < type,[x < type]
I1; x = type; T, = type, < type,

20.3.2 Bidirectional

Program:

I' - program | A ‘

decly | x; -+ decl, | x,
fresh(a;,...,a,) L =Tx; :a; 5%, . a,
AO == Fl AO |_ decll | Al A}’l—l |_ decln | An

I - program(decl;; ---;decl,) | A,



124 %5 20 & Strik: A Language for Practical Programming

Declaration:

fun(f)(argltem,; ---; argltem, )(expr) | f

Ao =T Ay & argltem, = typeTupleSigltem, | Ay -+ A,y - argltem = typeTupleSigltem, | Ay,
Ay b expr <type A =Ty f @ a;I;a = (typeTupleSigltem,; --- ; typeTupleSigltem, ) — type
0Oif @ asT, F fan(f)(argltem,; --- ; argltem )(expr) | A

Expression:

Fl—expr=>typeHFI—expr<=type‘

I'(x) =type T I type <« Type

' x= type

I' - Int < Type
I'-n=Int

I' - expr < type

[k (expr : type) = type
[ expr= type, T |- type, < type,

I' - expr < type,

Ao =T AgF tupleltem = typeTupleSigltem | A; -+ A,_y & tupleltem, = typeTupleSigltem, | A,
T & (tupleltem,; --- ; tupleltem, ) = (typeTupleSigltem ; ... ; typeTupleSigltem, )
Ag=T type,=() Aglt blockltem, = type, | Ay --- A,_; | blockltem, = type, | Ay,
' - block(blockltem,; --- ; blockltem,) = type,

Ag=T
Ay & argltem, = typeTupleSigltem, | Ay -+ Ap_y &= argltem, = typeTupleSigltem, | A,
A, F expr < type
[+ Aargltem; --- ; argltem, )(expr) = (typeTupleSigltem.; --- ; typeTupleSigltem ) — type
'+ expr = (typeTupleSigltem ; --- ; typeTupleSigltem ) — type
[ & (tupleltem,; --- ; tupleltem, ) < (typeTupleSigltem ; --- ; typeTupleSigltem, )

[' - expr(tupleltem,; --- ; tupleltem, ) = type

n>0 Tk expr , <Bool T expr ,= type

'+ expr, | < Bool T expr,, <type -+ T (o expr, | < Bool T expr, , < type
[ - case(expr, | — expr, ,;---;expr, , — expr, ,) = type
I' - type < Type

I F case() = type

Tuple:

I' - tupleltem = typeTupleSigltem | A‘

I' - expr = type
F'Fx=expr= (x:type)| T
I' - type = type,
['F prom(x) = type = (prom(x) : type ) | T;x @ type,; x = type

Block:
I' - blockItem = type | A‘
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I' - expr = type
' expr = type | T
I' - expr = type
TF'klet(x =expr)= ()| T;x : type
I;x @ type & expr = type
IF'Frec(x=expr)= ()| T;x : type

Argument:
I\ argltem = typeTupleSigltem | A‘

I' - type < Type
TH(x:type)=(x: type) | T;x : type
I' - type < Type
F'kx= (x:type)|T;x : type
I' - type = type,,
T+ (prom(x) : type) = (prom(x) : type) | I';x : type
I' - type = type,
I' F prom(x) = (prom(x) : type) | T;x : type

Type:
' type = type, H '+ type < type,

['(x) = type T I type= type,

I' = x= type
I' - Type = Type
I' - Int < Type
I'Fn=Int
Ao =T Ag | typeTupleSigltem, = type, | Ay -+ Ay,_; = typeTupleSigltem, = type, | A,
[ & (typeTupleSigltem ; --- ; typeTupleSigltem ) = Type
Ao =T Agt typeTupleltem, = typeTupleSigltem | Ay -+ A,y & typeTupleltem, = typeTupleSigltem | A,
T & (typeTupleltem; --- ; typeTupleltem, ) = (typeTupleSigltem ; --- ; typeTupleSigltem )
Ay =T
Ag = typeTupleSigltem, = type, | Ay -+ A, & typeTupleSigltem, = type, | Ay,

A, F type < Type
[ b (typeTupleSigltem; --- ; typeTupleSigltem ) — type = Type
Ao =T Ag b typeBlockItem, = type, | Ay -+ A,_; & typeBlockltem = type, | Ay,
' - block(typeBlockitem,; --- ; typeBlockltem, ) = type,

'+ type = (typeTupleSigltem ; ---; typeTupleSigltem, ) — type,
Ao =T Ag I typeTupleltem, < typeTupleSigltem | Ay -+ Ap_y &= typeTupleltem, < typeTupleSigltem, | A,

'+ type(typeTupleltem,; --- ; typeTupleltem, ) = type,
' type < type,,
I'F (type : type,) = type,
I' - type= type, T I type, < type,
'k type < type,

Tuple Type:
I - typeTupleSigitem = type | A ‘

I' - type < Type
'k (x: type)=> Type | T
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'+ type = type,
['+ (prom(x) : type) = type, | [;x : type

Type Tuple:
’ I' & typeTupleltem = typeTupleSigltem | A ‘ ’ I' I typeTupleltem < typeTupleSigltem | A‘

'k type=> type,,
['F(x=type)= (x : typey) | T
I'F type « type,
I'H (x =type) < (x : typey) | T
I' - type = type,
[k (prom(x) = type) = (prom(x) : type,) | T;x @ typey; x = type
' type < type,
'k (prom(x) = type) = (prom(x) : type,) | I';x : type,; x = type

Type Block:
’ I\ typeBlockItem = type | A ‘

't type=> type,
I+ type = type, | T
I' - type = type,,
[+ let(x = type) = () | I x : type,; x = type

20.3.3 Algorithmic Bidirectional

Context:

I = ¢ (empty)
| x: type (variable)
| x = type (synonym)
| X :type (generated variable)
| X =type (equation)
| I 5 (concatenation)

Program:
TODO
Declaration:
TODO
Expression:

Fl—expr=>type|AHI‘I—expr<=type|A‘

I'(x) =type T type &Type|A

'kx=typel|A

'k expr <type | A

Tk (expr : type) = type | A
[k expr= type, | Ay A type, < type, | A

['F expr < type, | A

I' - Int < Type | A
'Fn=>1Int|A

[+ (o tupleltem; -+ ; tupleltem, ) = (o; typeTupleSigltem.; ... ; typeTupleSigltem, ) | A

'+ (tupleltem,; --- ; tupleltem, ) = (typeTupleSigltem; ... ; typeTupleSigltem, ) | A
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T - block(o; blockItemy; -+ ; blockItem,,); () = type | A
I I block(blockItemy; --- ; blockItem,,) = type | A

[+ A(o; argltem,; --- ; argltem, )(expr) = (o; typeTupleSigltem,; --- ; typeTupleSigltem ) — type | A

I'+ Aargltem; ---; argltem, )(expr) = (typeTupleSigltem,; --- ; typeTupleSigltem, ) — type | A

[ & expr = (typeTupleSigltem,; --- ; typeTupleSigltem, ) — type | A,
A & (tupleltem; --- ; tupleltem, ) < (typeTupleSigltem.; --- ; typeTupleSigltem, ) | A

[ expr(tupleltem,; --- ; tupleltem, ) = type | A

n>0 Tkexpr,, <Bool|A; Ay, expr ,= type|A;,
Ay Fexpr, < Bool | Ay, Ay, - expr,, <type| Ay,

AppFexpr, <Bool|A,, Ay, Fexpr,, <typel| Ay,

I+ case(expr, | — expr, ,;---;expr, | — expr, ,)= type | Ay,

'k case()=> & |I;& : Type

Tuple:

[' & (o; tupleltem,; --- ; tupleltem, ) = (o; typeTupleSigltem.; ... ; typeTupleSigltem, ) | A

INHOEZONRY
I'Fexpr= type | Ay A, & (o;tupleltem,; --- ; tupleltem, ) = (o, typeTupleSigltem,; ... ; typeTupleSigltem, ) | A

['F (o5 x = expr;tupleltem,; --- ; tupleltem, ) = (o; x : type; typeTupleSigltem.; ... ; typeTupleSigltem, ) | A

[k type = type, | A
Ap;x;x = type b= (o; tupleltem,; --- ; tupleltem, ) = (o, typeTupleSigltem,; ... ; typeTupleSigltem ) | A; x; A,

[ (o; prom(x) = type; tupleltem,; --- ; tupleltem ) = (o; x : type; typeTupleSigltem,; ... ; typeTupleSigltem, ) | A

Block:
I' - block(o; blockltem,; -+ ; blockItem,,); type,, = type | A

I - block(o); type = type | T
[ expr, = type, | Ay A, = block(e; blockItem,; --- ; blockItem,,); type, = type | A
[' - block(o; expr,; blockItem,; --- ; blockItem,,); type, = type | A
['Fexpr, = type, | Ay Ay x; @ type; F block(o; blockltems; -+ ; blockltemy,); () = type | A;x, : type;; A,
[ I block(o; let(x; = expr,); blockItem,; --- ; blockltem,,); type, = type | A
[idyx; @ dy = expry = type, | Ay Ay F block(e; blockltems; -+ ; blockltemy,); () = type | A;xy & dy; A,
I' - block(o; rec(x; = expr,); blockItem,; ---; blockItemy,); type, = type | A

Abstraction:

[+ A(o; argltem,; --- ; argltem, )(expr) = (o; typeTupleSigltem ; ... ; typeTupleSigltem, ) — type | A

'k expr = type | A
'+ A(e)(expr) = (o) — type | A
[x, : type, & A(o; argltem,; -+ ; argltem, )(expr)
= (o; typeTupleSigltem.; ... ; typeTupleSigItemn) — type | A;x; type;; A

['F A(o;x; : type,;argltem,; ---; argltem, )(expr)

= (05X, : type,; typeTupleSigltem.; ... ; typeTupleSigltem, ) — type | A
[dy;x; @ dy = Ao; argltem,; --- s argltem, )(expr)

= (o; typeTupleSigltem.,; ... ; typeTupleSigltem, ) — type | A;x; @ dy; Ay

[+ A(o; x5 argltem,; -+ ; argltem, )(expr)
= (o5x1 : Ofl;typeTupleSigItemz; ...;typeTupleSigItemn) — type | A
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[x, : type, & A(o; argltem,; ---; argltem, )(expr)

= (o; typeTupleSigltem.,; ... ; typeTupleSigltem, ) — type | A; x; : type;; A
['F A(e; prom(x,) : type;argltem,; ---; argltem, )(expr)
= (o;prom(x,;) : type,; typeTupleSigltem,; ... ; typeTupleSigltem, ) — type | A
Tydy;xp @ dy B Ao argltem,; -+ ; argltem, )(expr)
= (o; typeTupleSigltem.; ... ; typeTupleSigltem, ) — type | A;xy © dy; A

'+ A(o; prom(x, ); argltem,; --- ; argltem, )(expr)

= (o;prom(x,) : dy; typeTupleSigltem,; ... ; typeTupleSigltem, ) — type | A

Type:
'l type = typeolAHFl—type'{:typeolA

['(x) = type T I type= type, | A
'kx=type| A
'k type < type, | A
T+ (type : type,) = type, | A
I't type= type, | Ay Ay - type, < type, | A
I' k- type < type, | A
I' - Type = Type | T
T + Int < Type | A
'Fn=>1Int|A
' & (o; typeTupleSigltem; --- ; typeTupleSigltem, ) | A
' & (typeTupleSigltem,; --- ; typeTupleSigltem ) = Type | A
Ao =T Ag I typeTupleltem = typeTupleSigltem, | A A,y & typeTupleltem, = typeTupleSigltem, | Ay,
' & (typeTupleltem,; --- ; typeTupleltem, ) = (typeTupleSigltem ; --- ; typeTupleSigltem )
'+ (o; typeTupleSigltem; --- ; typeTupleSigltem, ) — type | A
' = (typeTupleSigltem,; --- ; typeTupleSigltem ) — type = Type | A
' - block(o; typeBlockItem ; --- ; typeBlockItem, ); () = type | A
I' - block(typeBlockltem; --- ; typeBlockltem, ) = type | A
'+ type = (typeTupleSigltem ; --- ; typeTupleSigltem ) — type, | Ay
Ay & typeTupleltem, < typeTupleSigltem, | A, Ay_y & typeTupleltem, < typeTupleSigltem, | A,
'+ type(typeTupleltem,; --- ; typeTupleltem, ) = type, | A,

Tuple Type:
'+ (o; typeTupleSigltem; --- ; typeTupleSigltem, ) | A

F'k(@)|T
['Ftype, < Type | Ay Ap;x; ¢ type, = (o; typeTupleSigltem,; ---; typeTupleSigltem, ) | A; x; : type;; A,
['F (o5 x, @ type,;typeTupleSigltem ; --- ; typeTupleSigltem, ) | A
[+ type, = type | Ay Ay x; : type, &= (o; typeTupleSigltem,; --- ; typeTupleSigltem, ) | A; x; : type; A,
['F (o;prom(x,) : type,; typeTupleSigltem,; --- ; typeTupleSigltem ) | A

Type Tuple:
[' & (o; typeTupleltem ; ---; typeTupleltem, ) = (o; typeTupleSigltem ; ... ; typeTupleSigltem, ) | A

FE()=> ()T
[k type, = type | A
Ag;xy : type & (o; typeTupleltem; --- ; typeTupleltem, )
= (o, typeTupleSigltem; ... ; typeTupleSigltem ) | A; x; : type; A,
['F (o5 x, = type,; typeTupleltem,; ---; typeTupleltem, )
= (0;x, : type; typeTupleSigltem,; ... ; typeTupleSigltem ) | T
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[k type, < type | A
Ap;xy : type & (o; typeTupleltem,; --- ; typeTupleltem, )
< (o, typeTupleSigltem.,; ... ; typeTupleSigltem, ) | A; x; : type; A,

['F (o;x; = type,; typeTupleltem,; --- ; typeTupleltem, )
< (o;x; : type; typeTupleSigltem.; ... ; typeTupleSigltem, ) | T
Ik type, = type | A
Ay;xy @ type; x, = type, = (o; typeTupleltem.,; --- ; typeTupleltem, )
= (o, typeTupleSigltem,,; ... ; typeTupleSigltem, ) | A; x; : type; A,

['F (o;prom(x,) = type,; typeTupleltem,; --- ; typeTupleltem, )
= (o;prom(x,) : type; typeTupleSigltem.; ... ; typeTupleSigltem ) | T
[k type, < type | Ay
Ag;xy : type; x, = type, &= (o; typeTupleltem,; --- ; typeTupleltem, )
< (o, typeTupleSigltem,; ... ; typeTupleSigltem, ) | A; x, : type; A,

['F (o; prom(x,) = type,; typeTupleltem,; --- ; typeTupleltem, )
< (o;prom(x;) : type; typeTupleSigltem,; ... ; typeTupleSigltem, ) | T

Type Block:
I' - block(o; typeBlockltem; --- ; typeBlockItem, ); type , = type | A

T + block(o); type = type | T
[' & type, = type; | Ay Ay = block(o; typeBlockItem,; -+ ; typeBlockItem, ); type, = type | A
I' - block(o; type, ; typeBlocklItem.; --- ; typeBlockltem, ); type , = type | A
T+ type, = type] | A,
Ay;x; : type; = block(o; typeBlockltem.,; --- ; typeBlockltem, ); () = type | A;x, : type; X, = type;; A,
' - block(o; let(x; = type,); typeBlockltem.,; --- ; typeBlockltem  ); type, = type | A

Abstraction Type:
'+ (o; typeTupleSigltem; --- ; typeTupleSigltem, ) — type | A

I+ type = type, | A
'k (o) - type | A
[k type; < Type | Ay Ay xy @ type, b (o; typeTupleSigltem.; --- ; typeTupleSigltem ) — type | A;x; : type;; A,
['F (o;x; : type,; typeTupleSigltem,; --- ; typeTupleSigltem ) — type | A
I+ type, = type’1 | Ay Apxg : type, (o5 typeTupleSigltem.; ---; typeTupleSigItemn) — type | Ajx; @ type;s A,
I'F (o;prom(x,) : type,; typeTupleSigltem,; --- ; typeTupleSigltem ) — type | A
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20.4 Strik Module System

20.4.1 Syntax

letrec{B} in e
P

P

M

b

{B}

M.x

funx : S.M
XX

x:S

xX=e

typet =T
module x = M
use B

€

B;B

Ax.T

T

P

{D}
x:8->S

.
=0 — i

S Y

)ﬂ

95}
———fi— i —— i ————— i
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